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Exercise 1. Calculate the following integrals:
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1 e ™
Inl
i) / lnzde, ii) / nnxdz, iii) /e‘”sinxdz, iv)/ sinln z dx, V) /zlnsinxdl’,
0 x 1 0

1 2 1-—
vi) /tanxdx, vii) /taandx, viii) /mdm, xi) /e:’: r(14 2% dz, x) /\/ 1+§dw.

(10 x 2 Marks)

Exercise 2. Calculate the indefinite integral

d
/27:8, a,b,c € R.
azr? + bxr +c

Take care to distinguish two cases according to the sign of A := 4ac — b2.
(4 Marks)

Exercise 3. Let a,, := foﬂ/2 sin™ z dx.
i) Show that {an}nen is a convergent sequence.

ii) Prove the recursion formula

/2 n—1 /2
/ sin” x dx = / sin" "2 x dx (%)
0 nJo

and calculate foﬂﬂ sin’ z dz, foﬂ/Q sin z dx.

iii) Using ii) together with mathematical induction, find expressions for asy, and agg1, k € N. Deduce Wallis’
Product formula

T _ -2:4-4-6-6-8-8
2 -3-3-5-5-7-7-9
(1 + 2 + 2 Marks)

Exercise 4. Decide whether or not the following improper integrals exist:
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/ \/1+a:3’ /0 14 x3/2 /0 z/T+z
(3 x 1 Mark)



Exercise 5. The Weierstrass substitution allows the transformation of every rational integrand containing sine
and cosine functions into a purely rational integrand.

i) Show that the substitution ¢ = tan §, —7 < & < , gives the following identities
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— cosT = =—
1+ YT e YT e
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sinz =
ii) Use (%), to calculate the integrals a), b) and to prove formula c),

1 1 1 1
a) / — dx b) / dx c) /7 dr =—1In ‘tan (E + E)‘ + const
sinx cosT sinx + cosx V2 2 8

Note: tan T =1, tan T = v2 — 1 = (1 + v2)7!, tan(z + y) = [2ortiany.
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(2 + 1+ 2 + 3) Marks)



