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Office Hours, Email, TAs

>

Please read the Course Profile, which has been uploaded to the
Resources section on the Canvas course site.

My office is Room 441c in in the Longbin Building.

My email is horst@sjtu.edu.cn and I'll try to answer email queries
within 24 hours.

Office hours will be announced on Canvas.

Please also make use of the Discussion tab on Canvas for asking
questions, making comments or giving feedback on the course.
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Coursework

» There will be weekly coursework (assignments) throughout the term.

» You will be randomly assigned into assignment groups of three
students; you are expected to collaborate within each group and hand
in a single, common solution paper to each coursework.

» Each student must achieve 60% of the total coursework points by the
end of the term in order to obtain a passing grade for the course.
However, the assignment points have no effect on the course grade.

» Each member of an assignment group will receive the same number of
points for each submission. However, there will be an opportunity for
team members to anonymously evaluate each others’ contributions to
the assignments. In cases where one or more group members
consistently do not contribute a commensurate share of the work, a
TA will investigate the situation and individual group members may
lose some or all of their marks.
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Coursework

» Please hand in your coursework on time, by the date given on each set
of course work. Late work will not be accepted unless you come to me
personally and | find your explanation for the lateness acceptable.

» You can be deducted up to 10% of the awarded marks for an
assignment if you fail to write neatly and legibly.

» You are encouraged to compose your coursework solutions in IATEX.
While this is optional, there will be a 10% bonus to the awarded
marks for those assignment handed in as typed IATEX manuscripts.

IATEX is open-source software for mathematical typesetting, and there
are various implementations available. | suggest that you use Baidu or
Google to find a suitable implementation for your computer and OS.
IATEX is widely used for writing theses and scientific papers, so it may
be quite useful for you to learn it.

» Further details can be found in the course description.
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Use of Wikipedia and Other Sources; Honor Code Policy

» The correct way of using outside sources is to understand the contents
of your source and then to write in your own words and without
referring back to the source the solution of the problem. Your solution
should differ in style significantly from the published solution. If you
are not sure whether you are incorporating too much material from
your source in your solutions, then you must cite the source that you
used.

» You may and are required to collaborate freely with other students in
your assignment group. However, you may not communicate at all
about concrete coursework with students from other groups. However,
discussing general questions regarding the lecture contents with any
other student is of course fine and encouraged.

Do not show or explain your solutions to any student outside your
assignment group.
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Use of Wikipedia and Other Sources; Honor Code Policy

In this course, the following actions are examples of violations of the Honor

Code (“another student” means a student outside your assignment group):
» Showing another student your written solution to a problem.

» Sending a screenshot of your solution via QQ, email or other means to
another student.

» Showing another student the written solution of a third student;
distributing some student'’s solution to other students.

» Viewing another student’s written solution.

» Copying your solution in electronic form (IATEX source, PDF, JPG
image etc.) to the computer hardware (flash drive, hard disk etc.) of
another student. Having another student's solution in electronic form
on your computer hardware.

If you have any questions regarding the application of the Honor Code,
please contact me or any of the TAs.
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The grade will be composed of the course work and the exams as follows:
» First midterm exam: 30 points
» Second midterm exam: 30 points

» Final exam: 40 points
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Class Attendance and Absence for Medical Reasons

If you are unable to attend an exam or a class, you should notify me. The
following rules apply:

» Absence for illness should be supported by a hospital /doctor’s
certificate. A note that a student visited a medical facility is not
sufficient excuse for missing a Tuesday class or an exam. The note
must specifically indicate that the student was incapable of attending
a class or taking the exam due to medical problems.

» Late medical excuses must satisfy the following criteria to be valid:

(i) The problem must be confirmed by the doctor to be so severe that the
student could not participate in the exam.

(i) The problem must have occurred so suddenly that it was impractical to
contact me in advance.

(iii) The student must be in contact with me immediately after the exam or
Tuesday class with the required documentation.
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Literature

We will use various textbook sources for the course. These include

» E. Kreyszig, Introductory Functional Analysis with Applications,
Wiley 1989;

» K. Janich, Linear Algebra, Springer 1994.
» S. Lang, Linear Algebra, ond E(. Addison-Wesley 1972.

» |. Stakgold and M. Holst, Green’s Functions and Boundary Value
Problems, 3™ Ed., Wiley 2011.
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Introduction

Under certain assumptions (small displacements, no external forces) the
transversal displacement of a vibrating string of length L satisfies the wave
equation

Uy — e = 0, 0<x<lL, teR, (1.1.1)

where ¢ > 0 is related to the tension and the density of the string. If the
ends of the string are fixed, the boundary conditions

u(0,t) = u(L,t) =0, teR
may be imposed. Solutions of the wave equation then have the form
un(x, t) = (apsin(nmet/L) + Bncos(nmet/L)) sin(nmx/L), n€N,

where ay,, 8, € R are constants determined by the initial displacement and
velocity of the string.
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Introduction

Hence, there is a (countably) infinite family of solutions. It also turns out
that there are no other solutions! From the linearity of (1.1.1) it is clear
that any sum of the u, is again a solution. However, experiments show
that not all displacements of strings take the form of finite linear
combinations of trigonometric functions. In fact, if the string is initially
displaced according to

u(x,0) = x(x — L), ut(x,0) = 0.
can we write
u(x, t) = Z(an sin(nmet/L) 4 By cos(nmet/L)) sin(nmx/L)
n=0

for certain coefficients a,, 8,7 If so, we would have

u(x,0) =x(x—L)= ZB,, sin(nmx/L)

n=0
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Introduction

In what sense can such an identity hold? What types of functions are
permissible for u(x,0)? Any continuous function? Perhaps even
discontinuous functions?

The same question arises in other differential equations involving Bessel
functions, Legendre polynomials and other exotic functions in place of the
trigonometric sine and cosines. Therefore, it makes sense to tackle this
question from a fundamental point of view:

Can any continuous function be written as an “infinite linear combination”
of a given set of functions? In other words, does there exist an algebraic
basis for the vector space of continuous functions? Such a basis would of
course need to be infinite in size.

We will extend the known methods of linear algebra to tackle this and
other, related questions.
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Prerequisites from Linear Algebra

We assume that the following concepts from linear algebra are familiar:
» Vector spaces, norms, scalar products
» Linear independence of vectors, bases, dimension of vector spaces
» Linear maps, matrices, determinants
» Eigenvalue problems for matrices

We may briefly recall some of the definitions, but for details we refer to the
literature.
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Introduction

Vector Spaces

1.1.1. Definition. A vector space over a field F (we only consider F = R or
C) is a triple (V, +, -) where
(i) Vis any set;
(i) +: V x V — V is a map (called addition) with the following
properties:
» (u+v)+w=u+(v+w)forall u,v,w € V (associativity),
» u+v=v—+uforall u v eV (commutativity),
> there exists an element e € V such that v+e=v forallve V
(existence of a unit element),
> for every v € V there exists an element —v € V such that
v+ (—v) =g
(iii) -: F x V — V is a map (called scalar multiplication) with the
following properties:
» 1l-u=uforall ueV,
» A(u+v)=X-u+A-vforall \eF, u,vevV,
» A+ p)ru=Xutp-uforall \,peF, ueV,
» (M) u=A-(p-u)forall \peF,ue V.
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Subspaces

1.1.2. Definition. Suppose that (V,+, -) is a vector space and U C V. If
(U,+, -) is also a vector space, we say that U is a linear subspace or
sub-vectorspace of V.

1.1.3. Notation.

» If the definition of the addition and scalar multiplication in a vector
space is clear from the context, we write simply V instead of
(V,+. ).

» If (U, +, ) is a subspace of (V,+, -), we write (U, +, -) C (V,+, -)
or just U C V. Hence, “U C V" can indicate either that U (as a set)
is a subset of the set V or that U (as a vector space) is a subspace of
the space V. This ambiguity should not cause any difficulty.
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Vector Spaces

1.1.4. Examples.
(i) The set of n-tuples
F":={x=(x1, ..., Xn): X1, ..., Xp € F}
is a vector space with the so-called component-wise addition and
scalar multiplication:
x+y=(xt,....xn)+ (1, ¥n)
= (Xl +_y11 an ‘|’)/n),
Ax = A(X1, ..., Xn)

= (Ax1, ..., Axp)

for all x,y € F” and A € F. We will use both
X1
x=1: and x = (X1, .., Xn) interchangeably.

Xn
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Vector Spaces

(i) The set of polynomials of degree at most n € N,
n
Py = {f: F—F:f(x)= Zakxk, ag,ai...,an € [R}
k=0

is a vector space with the so-called point-wise addition and scalar
multiplication: for polynomials p and g given by

p(x) =ao + aix+ -+ apx", q(x) = by + bix + - -+ + bpx" and
A € F we define polynomials p 4+ g and Ap through

n

(p+q)(x) = p(x) + q(x) = Y _(ak + bi)x*,
k=0

(AP)(x) ==X+ p(x) = > (Aaw)xk.

k=0
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Vector Spaces

(iii) The set of polynomials of any degree,
52’:{7‘: F—F:fe4, forsomene [N}

is a vector space with point-wise addition and scalar multiplication. In
particular, the sum of two polynomials of degree m and n,
respectively, is a polynomial of degree max(n, m).

(iv) The set of complex-valued continuous functions on a subset 2 C F”,
C(2,F)={f: 2— C: fis continuous on 2}

is a vector space with point-wise addition and scalar multiplication.
We often write C(£2) to abbreviate C(£2, C).

(v) Forany ne N, %, ¢ £ C C(F,F). Note that in all three spaces, the
same addition and scalar multiplication (i.e., pointwise) is used.
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Linear Combinations and Span

1.1.5. Definition. Let x1,....x, € V and A1, ..., A, € F. Then the
expression

n
Z)\kxk = )\1X1 + -+ )\an
k=1

is called a linear combination of the vectors xq, ..., X,.

The set
span{xy, ..., Xy} = {y eV:.y= ZAkxk, A, h A € [F}
k=1

is called the (linear) span of the vectors xq, ..., Xp.
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Span of Subsets

More generally, if V is a vector space and M is some subset of V/, then we
can define the span of M as the set containing all (finite) linear
combinations of elements of M, i.e.,

n
spanM::{ve V: 3 3 3 :v:Z)\;m;}.
neN Aq,..., An€F my,..., mpeM 1
Note that this definition does not presume that M is a subspace, just an

arbitrary subset of V. Furthermore, although only finite linear
combinations are considered, the set M may well be infinite in size.

Moreover, even though M is just any set, span M will be a subspace of V.

1.1.6. Example. Let M = {f € C(R,R): f(x) = x", n € N} denote the set
of all monomials in the space of continuous functions on R. Then
span M = .2, the space of polynomials.
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Introduction

Linear Independence

1.1.7. Definition. Let V be a real or complex vector space and
X1,....Xn € V. Then the vectors xi, ..., x, are said to be independent if

forall A\q,.... A\, €F,

Z)\kaZO = )\1:)\2:-”:)\,720.
k=1

We say that a finite set M C V is an independent set if the elements of
M are independent.
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Bases and the Standard Basis of F”

1.1.8. Definition. Let V be a real or complex vector space. An n-tuple
B = (b1, ..., bp) € V" is called an (ordered and finite) basis of V if
every vector v has a unique representation

V:zn:)\,'b,', A €F.
i=1

The numbers A; are called the coordinates of v with respect to %.
1.1.9. Example. The tuple of vectors (eq, ..., e,), & € R”,

ei:(o....O, % ,O,...,O), i=1,..,n,

ith
entry

is called the standard basis or canonical basis of R".
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Introduction

Characterization of Bases

Sometimes we are not interested in the order of the elements of a basis,
and write B = {by, ..., by}, replacing the tuple by a set. This is known as
an unordered basis.

1.1.10. Theorem. Let V be a real or complex vector space. An n-tuple
B = (b1,...,by) € V" is a finite basis of V if and only if

(i) the vectors by, ..., b, are linearly independent, i.e., B is an
independent set, and

(i) V = span%.
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Finite- and Infinite-Dimensional Spaces

1.1.11. Definition. A vector space V is said to be finite-dimensional if
either

» V ={0} or

» V possesses a finite basis.
If V is not finite-dimensional, we say that it is infinite-dimensional.

1.1.12. Example.
(i) The space of polynomials of degree at most n, .%,, is
finite-dimensional, because it has the basis & = (1, x, X2, ... , x™).
(ii) The space of polynomials of any degree, 2, is infinite-dimensional.

We omit the proof of the following theorem, which is usually shown in
elementary courses on linear algebra:

1.1.13. Theorem. Let V be a real or complex finite-dimensional vector
space, V = {0}. Then any basis of V has the same length (number of
elements) n.
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Dimension

1.1.14. Definition. Let V be a finite-dimensional real or complex vector
space.

1. If V = {0}, we define the dimension of V, to be zero and write

dimV =0.
2. If V # {0}, we define dim V = n, where n is the length of any basis of
V.

If V is an infinite-dimensional vector space we write dim V = cc.

1.1.15. Examples.

1. dmR"=n

2.dm%, =n+1

3. dm&L =

4. dim{(x1,x) ER%: o =3x} =1
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Infinite-Dimensional Spaces of Functions

A typical undergraduate course in linear algebra will focus on
finite-dimensional spaces; these are particularly simple, because they can be
fully characterized by finite bases. However, many vector spaces of
functions are of great practical interest and infinite-dimensional. These

include (2 C F"):
» The space of continuous functions, C(£2, C),
» The space of polynomials over the real or complex numbers, 2([F).

» The space of bounded functions,

L®(R2) :={f: 2 = C: sup|f(x)] < o},
x€N
» The spaces of p-integrable functions, p > 1,

LP(Q) = {f: 2-C: /Q|f(x)|” < oo}.
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Infinite-Dimensional Spaces of Sequences

We use the notation x = (x,)nen or simply (x,) to denote a sequence of
elements xp, x1, X2, .... In the following examples, each x, € C:

» The space of null sequences,
Q= {(x,,): Xn, — 0 as n—>oo}

» The space of bounded sequences,

= {(xn): ilejrﬁ|xn\ < oo}

» The spaces of p-summable sequences, p > 1,

P = {(Xn): Z]xn|p < oo}.

neN
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Pointwise Addition and Scalar Multiplication

For the sets defined above to become vector spaces, we need to introduce
the operations of addition and mutliplication with scalars. The standard
definitions are called point-wise operations, as we simply add the values of
the functions or sequences at each point:

(f +8)(x) = f(x) + g(x), (Af)(x) = A~ f(x),
(a+ b)p:=an+ by, (Aa)n == A-ap.
for functions f, g, sequences (a,), (b,) and scalars A\ € F.

It is not immediately obvious that /P and LP({2) are vector spaces; is the
sum of two elements again an element of the space? To verify this, we
need some preliminary results.



JOINT INSTITUTE
RARERBREE

Slide 32 m

Introduction

Holder's Inequality
We begin with an interesting inequality of real numbers:

1.1.16. Lemma. Fix 1 < p < 0o and g such that 1/p+1/g =1 and let
a,b>0. Then
P q
< B (1.1.2)
P q

Proof.
To prove (1.1.2), consider the graph of the function

y = F(x)=x971.
Since (p —1)(g — 1) = 1, this is equivalent to

x=F )=yt
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Introduction

Holder's Inequality

Proof (continued).
y

X

b

From the graph above it is clear that

a p b b9
Area(l):/ yPldy = 2, Area(u)g/ xTtdx = —,
0 p 0 q

and Area(l) + Area(ll) = ab, so (1.1.2) is proven. O
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Holder's Inequality
We can now prove the Hdolder inequality for series:

1.1.17. Holder's Inequality. Fix 1 < p < oo and g such that 1/p+1/g = 1.
Suppose that x € ¢P and y € 9. Then

imm < (i\anp)””(iryn\q)”", (1.1.3)
n=0 n=0 n=0

where x = (x,), y = (¥n)-

For p = g = 2 the inequality (1.1.3) is called the Cauchy-Schwartz
inequality for series:

oo oo o0
> Ixayal < (| D 1%l [ D lyal? (1.1.4)
n=0 n=0 n=0
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Holder's Inequality

Proof.
Suppose x € ¢P and y € (9 are given. Define
~ 1 - 1
X = X, y = Y
1/p 1/q
(Zaobal) (Zolval)
so that > 2 o|xalP = > 02 ol¥n|? = 1. By (1.1.2),
q
;nyn‘ S ‘Xn| ’yn|
q
which implies
- 1
>l < 3 D aP 45 Sl = L+ L =1
—0 =0
" L,_/ H,_/
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Minkowski's Inequality

Proof (continued).
Since

1 1 =
DWH (Zobol?)”” (S3olyele) e

the proof is complete. O
We next prove the Minkowski inequality for series:

1.1.18. Minkowski's Inequality. For 1 < p < 0o and x, y € £P we have

(Sho ) < (Sbal) "+ (SbaP) " @)
n=0 =0 e

where x = (x,) and y = (yn).
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Minkowski's Inequality

Proof.
We write z, := x, + yn for short and consider p > 1 (the case p =1 is

trivial). Then
|20]” = Ix0 + ¥al - |20/P7 < (|n] + |yal)lza]? 7

We can apply this inequality to finite sums, obtaining

N N N
Z|Zn‘p < Z|Xn| : |zn|p71 + Z’)/n| ) ‘zn’pil
n=0 n=0 n=0

for any N € N. For g = p/(p — 1), Holder's inequality gives

ZN:\X ||z ‘p—l < (ZN]X ’p)l/P<§N:’Z |p>1/q
n=0 R J ’ n=0 ’ .
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Minkowski's Inequality

Proof (continued).
Similarly,

N N 1/p N 1/q
S Wyl bzl < (o al?) (S lzal?)
n=0 n=0 n=0

SO

(ZN:’zfﬂp)l_l/q < (ZN:IXnV’)l/p + (ZN:D/n\p) v
=0 n=0 n=0

Since 1 — 1/qg = 1/p, we obtain the desired inequality by letting N — oo.
Since both series on the right converge by assumption, so does the series
on the left. O
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Function and Sequence Spaces

Minkowski's inequality immediately yields that if x, y € ¢P, then

x + y € £P. Since clearly Ax € (P for any A € F, we see that /P is indeed a
vector space. Analogous inequalities can be used to show that the sets LP
are vector spaces.

In fact, the spaces ¢P and LP are structurally very similar; while we are
mostly interested in function spaces in applications, the sequence spaces
are easier to discuss technically (the summation of a sequence is simpler
than the integration of a function) and we will use the ¢P spaces to
illustrate many basic ideas.

It is easy to see that the function and sequence spaces we have introduced
can not have a finite basis and are infinite-dimensional. For further
investigations, it becomes necessary to introduce some more structure: we
need the concept of the size of a vector, generalizing the modulus of
complex numbers. Such a generalization is called a norm.
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Normed Vector Spaces
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Normed Vector Spaces

Normed Vector Spaces

1.2.1. Definition. Let V be a real or complex vector space. Then a map
II-]: V— Ris called a norm on V if for all u,v € V and all A € F,

(i) [v|l >0 for all v € V and ||v|| = 0 if and only if v =0,

(i) 13- vil = AL« vl

(iii) ||u+ v| <|lull + ||v|| (triangle inequality).
The pair (V,||-]|) is called a normed vector space or a normed linear
space.

1.2.2. Examples.
» In F”, we can define norms by

z 1/p
Ixlo = (3Ixel?) X = (x1, %) € F”
k=1

for any p > 1. Minkowski's inequality (1.1.5) is then simply the
triangle inequality for the norm. The case p = 2 corresponds to the
euclidean or canonical norm.
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Normed Vector Spaces

» More generally, in each space /P, p > 1, a nor is defined by

Ixllp = (iw)

1/
p, x = (x0, X1, X2, ...) € £P,

» In any /P, 1 < p < 0o, we can define a norm by
I¥]| 0o := sup|xk-
neN

» Similarly, in C(£2, C) for a bounded set 2 € F” we can define the
norms (1 < p < 00)

Il = ([ ox) e = suplf0)

xXER
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Normed Vector Spaces

Open Balls, Open and Closed Sets
Having introduced a norm, we can define open balls and open sets:

1.2.3. Definition. Let (V, || - ||) be a normed vector space. Then
(i) For r >0 and x € V, the set

B/(x):={ye V:lx—yll<r}

is called an open ball of radius r centered at x.

(i) A set 2 C V is said to be open if for every x € (2 there exists an
€ > 0 such that B.(x) C £2.

(iii) A set 2 C V is said to be closed if 2¢:= V \ 2 is open.

1.2.4. Examples.
» For any fixed point x € V and any r > 0, the open ball B,(x) is an
open set.
» The empty set () is (vacuously) open.
» The entire space V is open.
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Boundary Points and Closure

» The empty set () is closed.

» The entire space V is closed.

» For any x € V the one-element set {x} C V is closed.
We see that a set can be open, closed, both open and closed, or neither
open nor closed.

1.2.5. Definition and Theorem. Let (V|| -||) be a normed vector space and
cVv.
(i) A point x € V is a boundary point of (2 if for any € > 0,
B-(x)N2#10 and B.(x) N 2° # 0.

The set of boundary points is denoted by 0f2.
(i) The closure of 2 is defined as

Q2:=02U0N.

The closure is the smallest closed set that contains {2. In particular,
2 is closed if and only if it contains its boundary points.
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Boundary Points and Closure

Proof.

Suppose that 2 is closed. Then £2€ is open and can not contain a
boundary point, since any point of the complement must have the property
that a sufficiently small e-ball (ball of radius ¢) centered at that point is
contained fully in the complement. Therefore, 02 C (2.

Conversely, suppose 912 C 2. Then for any point x ¢ {2 it is true that for
any € > 0 the ball B.(x) intersects the complement 2¢. But since such a
point can not be a boundary point, there must be an ¢g such that
B.,(x)N 2 =10, i.e., Bsy(x) C £2°. Since this is true for any x € 2, the
complement of 2 is open and {2 is closed. O

The following lemma is an immediate result of the definitions and the
proof is left to the reader:

1.2.6. Corollary. Let (V| -||) be a normed vector space and 2 C V. Then
x € Q2 if and only if B-(x) N 2 # () for any € > 0.
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Sequences in Vector Spaces

Recall that a sequence of complex numbers (x,) converges to a limit x if
and only if

YV 3 YV |xa—x|<e
e>0 NeN n>N

An analogous definition can be used for sequences in normed vector spaces:

1.2.7. Definition. A sequence in a normed vector space (V, || -||) is a map
(xn): N — V.

(i) We say that (x,) converges to an element x € V if

V 3 ¥ fxe—x| <e
e>0 NeN n>N

(i) We say that (x,) is a Cauchy sequence if

vV 3 W ”Xn - XmH <e
e>0 NeN m,n>N
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Sequences of Continuous Functions

1.2.8. Example. Consider C([0, 1]), the vector space of continuous
functions on the interval [0, 1] C R, imbued with the norm

[Flle = sup [FG0)], f e c(o.1))
x€[0,1]

Then a sequence in C([0, 1]) is a sequence of functions (f,) and f, — f if

3 Vv sup |fa(x) — f(x)| <e.
e>0 NeN n>N x€[0,1]

=llfa—flloo

In calculus, one says that (f,) converges to f uniformly. This is just the
ordinary norm convergence in the vector space.

Uniform convergence is in contrast to point-wise convergence: f, — f
pointwise if f,(x) — f(x) as n — oo for all x.
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Sequences of Continuous Functions
For example, the sequence of functions (f,) given by

1-2n|x—1/2n 0<x<1/n,
f(x) =
0 1/n<x<1,

does not converge to f(x) = 0 uniformly, even though Ii_}m fa(x) = 0 for
all x € [0,1]. This is because

1o = flloo = sup |fa(x) = f(x)| =170
x€[0,1]

as n — oQ.

An alternative norm on C([0, 1]) is given by

1
1l = /O ()] dx, f e c(0.1]).
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Sequences of Continuous Functions

We say that a sequence of functions (f,) converges in the mean to a
function f if

1
vV 3V / |fa(x) — f(x)| dx < e.
e>0 NeN n>N 0

Continuing our example, we see that

1 1/n
1y — Fll = / 1£,(x) — F(x)| dx = / (1= 2n|x — 1/2n|) dx
0 0
1 2n1 1 pse 0
n 2n 2n '
We see that the convergence of a sequence in a vector space in general
depends on the norm that is used!
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Sequences of Continuous Functions

We finally remark that since

1
Hf||1=/ [f(x)ldx < sup [f(x)] = ||f]le
0 x€[0,1]

uniform convergence implies convergence in the mean, i.e.,
[y — Flloe = 0 = [fo = flls =0

Our example has shown that the converse is false, i.e., mean convergence
does not imply uniform convergence.

In the same way, (f,) converges to f uniformly only if f, — f pointwise,
i.e.,

[fa — fllooc = 0 = |fa(x) — f(x)| — 0 for all x.
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Sequences and Closed Sets
We may also use sequences to give a more direct description of closed sets:

1.2.9. Theorem. Let (V,|-|) be a normed vector space, 2 C V
non-empty and (2 the closure of £2.
(i) Then x € 2 if and only if there exists a sequence (x,) with x, € 2
for all n € N and x, — x as n — .
(i) The set £2 is closed if and only if the limit x € V of all convergent
sequences (xp) with x, € 2 for all n € N actually lies in 2.

Proof.

(i) By Corollary 1.2.6, x € 2 if and only if for every n there exists an
Xp € §2 such that x, € By/,(x). These points define a sequence (x;)
such that ||x, — x|| < 1/n, i.e., a sequence converging to x.

(i) By (i), x € £2. Suppose that 2 is closed. Then 2 =2 and x € Q. If
£2 is not closed, there exists a boundary point y not in 2. But then
we can find a sequence (x,) with x, € {2 that converges to y. O
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An Example of a Subspace that is Not Closed

1.2.10. Example. Consider (C([0, 1]), || - ||s0). the space of continuous
functions on the interval [0, 1] imbued with the supremum-norm. Then
([0, 1]), the set of polynomials on the interval [0, 1], is a subspace of
C([0,1]). As a set, £([0,1]) is not closed in C(]0,1]).

We can see this easily, since the sequence (p,) of polynomials given by

k=0
converges to the function f ¢ ([0, 1]) given by f(x) = ﬁ:
1 N 1\* 1 1 (—x/2)"!
e S () Y s 6
1+ x/2 pr % xefo)l 1+ x/2 1+ x/2

< sup (§>n n—o0 0.
x€[0,1]

Hence, by Theorem 1.2.9 (ii), £([0, 1]) is not closed.
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Dense Sets in Normed Vector Spaces

1.2.11. Definition. Let (V,||-||) be a normed vector space and 2 C V.
Then (2 is said to be dense in V if 2 =V.

1.2.12. Remark. From Corollary 1.2.6 it follows that (2 is dense in V if and
only if for any x € V and any € > 0 there exists an y € {2 such that
|Ix — y|| < e. We say that for any x € V there is an arbitrarily close y € 2.

1.2.13. Example. The set of rational numbers 2 = Q is dense in the set of
real numbers V = (R, |-|): for any real number x and for any £ > 0 we
can find a rational number y such that |x — y| < e. This is achieved, e.g.,
by truncating the decimal expansion of x at a suitable position and letting
y be this truncated number.
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The WeierstraB Approximation Theorem

We have seen in Example 1.2.10 that the set of polynomials on a closed

interval is not closed in the set of continuous functions, since its boundary
points may be continuous, non-polynomial functions. In fact, we now show
that all continuous functions are boundary points of the set of polynomials:

1.2.14. WeierstraB Approximation Theorem. The set &#([a, b]) is dense in
C([a, b)), i.e., for every continuous function f and every € > 0 there exists
a polynomial p such that

[f = pllc = sup |f(x) —p(x)| <e.

x€[a,b]

We say that every continuous function can be approximated uniformly and
arbitrarily well by a polynomial. Note that this is a stronger statement than
usually encountered in calculus: Taylor's Theorem, for example, allows only
the uniform approximation of smooth (infinitely often differentiable)
functions.
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The WeierstraB Approximation Theorem

There are many proofs of the WeierstraB Approximation Theorem, most
using advanced mathematical techniques. We will repeat here a beautiful
elementary proof given by Lebesgue in his first published paper at age 23
(he received his doctorate four years later).

Proof.
We use the fact that a continuous function f on a closed interval [a, b] is
also uniformly continuous, i.e.,
3 Vv Ix —y| <d=|f(x)—f(y)| <e/4 (1.2.1)

€>00>0 x,y€[a,b]
This fact is usually proven in elementary calculus classes and we won't
repeat the proof here. We need to show that for any € > 0 and any
f € C([a, b]) we can find a polynomial p € & such that o(f, p) < ¢, i.e,

sup [F(x) — p(x)| < .
x€|a,b]
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The WeierstraB Approximation Theorem

Proof (continued).
Fix e > 0 and f € C([a, b]). Then we can find some § > 0 so that (1.2.1)

holds. We choose a partition (ag, a1, ..., an) of the interval [a, b], i.e., a set
of numbers with the properties

ag = a, an = b, 0<ap—ak_1 <6, k=1,...,n.
y

<9

y=fx) <el4

\J

N
a a; a, a3 a4 a as a; ag
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The WeierstraB Approximation Theorem

Proof (continued).
We then define a piecewise linear function % by joining the points
(ak, f(ax)) with straight lines:

y

y =¥(x)

P N S N > x
a8 a; a a3 a4 a a a7 ag

Then [¢(ax) — ¥(x)| < |f(ak) — flak—1)| < % for ax_1 < x < ag.
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The WeierstraB Approximation Theorem
Proof (continued).
Furthermore, by (1.2.1),

|f(ak)—f(x)|<% for ax_1 < x < ag.
Since f(ax) = ¥(ak), the triangle inequality yields

) — F) < T+ 5 =

€
5 for ax_1 < x < ag.

and hence

If = lloc = sup |w( ) — f(x)|

x€[a,b]

€
= max sup |Y(x)—Ff(x)] < <.
1<KSN el _y,ai] 2
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The WeierstraB Approximation Theorem

Proof (continued).
We have therefore reduced the problem to approximating the piecewise
linear function ¢ by a polynomial p, since if we can find a p such that

€
1 = plloc < 5 (1.2.2)
then ..
I~ plloo < IF = Ylloo + 16— plloo < S+ 5 ==

As a first step, we shift and scale i: define

p(x) = (b —a)x +a).

Then ¢ is a piecewise linear function ¢: [0,1] — R.



Normed Vector Spaces

The WeierstraB Approximation Theorem

Proof (continued).
If we find a polynomial g: [0, 1] — R such that

sup [p(x) —q(x)| <e,
x€[0,1]

p(x):=q <z:z> :

then (1.2.2) holds for

Slide 60 m
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We now discuss how to approximate a piecewise linear function on [0, 1].

Set

or(x) = ar((x = Bk) + |x — Bi|) = {0

where oy, Bk € R.

2ak(x — 5/()

x < B,
x > B,

(1.2.3)
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The WeierstraB Approximation Theorem

Proof (continued).
The piecewise linear function ¢: [0, 1] — R can then be represented in the
form

p(x) = f(a) + p1(x) + pa(x) + - + @n(x)

for certain functions @y as in (1.2.3). It follows that

() = F(@) + 3 aulx— B) + 3 aulx — Bl
k=1 k=1

TV
polynomial

It is hence sufficient to approximate the modulus |x| by a polynomial,
because that can then be shifted and translated to approximate each term
ak|x — Bkl in the sum, yielding finally a polynomial approximation to .
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The WeierstraB Approximation Theorem

Proof (continued).
We will use the binomial series to approximate the square root:

=1 [(2n—2\2z"
\/1*221*ZW n—1 7 (124)
n=1

In the assignments you will check that (1.2.4) holds and that the series
converges whenever |z| < 1. It also converges when |z| = 1, since

z"’: 1 (2n-2\ _ o1 -2\,
- = li - X
22n-1p\ n—1 x/1 e 22n=1p\ n—1

n=1
<1l-limyvi—-x=1 (1.2.5)
x 1
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The WeierstraB Approximation Theorem

Proof (continued).
We note that it is sufficient to consider x € [—1, 1], where

> 2n — 2\ (1 - x?)"
— 2 2
=R =i == 3 (V) B

n=1

The convergence of the series is even uniform on [—1, 1] (why?), so that
truncating the series at a suitable high term yields a polynomial that
approximates |x| uniformly. This completes the proof. O
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Infinite Bases in Normed Vector Spaces

Colloquially, we might define an “infinite basis” in a normed vector space
as consisting of a sequence (bp,)pen such that every vector v has a unique
representation in the form

v=> Anbs (1.2.6)
n=0

for certain numbers A,, n € N. However, this equation is not as simple as
it looks, since the infinite sum (series) poses questions of convergence:

» Does the right-hand side of (1.2.6) converge for any sequence of
numbers (A\,)?

» In what sense does the equality in (1.2.6) hold?
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Schauder Bases
To highlight these issues, we make the following, more precise, definition:

1.2.15. Definition. Let (V/,||-||) be a normed vector space. A sequence of
vectors (v,) in V is called a Schauder basis if for every v € V there exists
a unique sequence of scalars (\,) such that

or, equivalently,

HV—)\()V()—)\lvl - "'_)\NVNH I\H_oo) 0.

This definition should be compared with Definition 1.1.8. Since
convergence plays an essential role, a Schauder basis can only be defined in
a normed vector space.
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Let us discuss a first example: in (C([a, b]), || - ||oo) consider the sequence
of monomials on an interval,
mp € C([a, b]), mp(x) = x", neN.

In order for the sequence (my) to be a basis of C([a, b]), we need to verify
that every continuous function u on [a, b] has a representation

u(x) = i Anx"
n=0

with uniquely determined coefficients A, € R.

The existence of such a representation follows from the WeierstraB
Approximation Theorem: for any € > 0 there exists N € N and numbers

An € R such that
N
H u— Z ApMmpy
n=0

However, the uniqueness of the coefficients A, is far from clear.

<e.

[e.e]
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Monomials

Recall from Theorem 1.1.10 that a basis in a finite-dimensional space is
characterized by the following two conditions:

» the span of the basis vectors is equal to the entire space,

» the basis vectors are linearly independent.
In an infinite-dimensional space, the first condition may be amended to
stating that

» the span of the vectors of a Schauder basis is dense in the space
since we are considering limits of linear combinations instead of exact
equalities.

However, it is not immediately clear how to translate the condition of
linear independence (which guarantees the uniqueness of a basis
representation) into the infinite-dimensional case. Linear independence is
based on finite linear combinations and extending these to infinite linear
combinations is problematical.

A way out is to consider a more restrictive approach, based on
orthogonality of vectors. This requires the introduction of a scalar product.
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Bases and Inner Product Spaces
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Inner Product Spaces

1.3.1. Definition. Let V be a real or complex vector space. Then a map
(+,+): VxV — Fiscalled a scalar product or inner product if for all
uv,weVandall N\ e F

(i) {(v,v) >0and (v,v) =0 if and only if v =0,
(i) (u,v+w) = (u,v)+ (u,w),
(i) (u, Av) = X(u, v),

(iv) (u,v) = (v, u).

The pair (V, (-, -)) is called an inner product space.

1.3.2. Remark. Properties (iii) and (iv) imply that

(Au, v) = (v, \u) = Mv, u) = Xu, v).

We say that the inner product is linear in the second component and
anti-linear in the first component.



: m ( OINT INSTITUTE
Bases and Inner Product Spaces Slide 70 RAREEBRPL

The Induced Norm

1.3.3. Examples.
» In R" we define the canonical or standard scalar product

n
(x,y) = in)/i, x,y € R". (1.3.1)
i=1
» In C" we can define the inner product
n
(x, y) ZZZYM, x,yeC"
i=1

» In C([a, b]), the space of complex-valued, continuous functions on the
interval [a, b], we can define an inner product by

b
(f,g) = /a f(x)g(x) dx, f.g € C([a, b]).
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The Induced Norm
1.3.4. Definition. Let (V/, (-,-)) be an inner product space. The map

-1V =R, vl = V{v.v)

is called the induced norm on V.

1.3.5. Examples.
» The induced norm in R” and C” is given by

n
> Ixi2 = lIx]l2, (1.3.2)
i=1

Xl = v {x, x) =

which is the usual euclidean norm.
» The induced norm on C([a, b]) is

b
Il = VTR F = 4 / ()2 dx = [|F]l»

which is just the 2-norm.
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The Cauchy-Schwartz Inequality

1.3.6. Cauchy-Schwarz Inequality. Let (V, (-, -)) be an inner product
vector space. Then

[{u, v)| < |lull - ||v| forall u,ve V
where || - || is the induced norm.

Proof.
Let e := v/|v|. Then (e, e) = (v, v)/||v|]> =1 and

0 < ||u— (e uel®= (u— (e u)e,u— (e u)e)

= |Jul® = [{e, u)|?
It follows that

[ )2 = [Iv]? - [ e)? < [lul® - [Iv]*. N
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The Induced Norm

1.3.7. Corollary. The induced norm is actually a norm, i.e., it satisfies
1. x|l >0, |x]| =0 x=0,
2. axll = AL - Ix].
3 x4yl < x| + v

for all x,y € V.and A € R.

Proof.
All properties except for the triangle inequality are easily checked. By the
Cauchy-Schwarz inequality, we have

Ix + 12 = IxI? + Iy lI* + 2 Re(x, y)
< [lxl1 + IylI* + 21(x, y))|
< X1 + lly 12+ 2lix[lly |
= (IIxIl + lly ). 0



JOINT INSTITUTE
RARERBREE

!
Bases and Inner Product Spaces Slide 74 m

Angle Between Vectors

1.3.8. Definition. Let V be an inner product space and u,v € V. We
define the angle a(u, v) € [0, 7] between u and v by

cosa(u, v) = fuv) (1.3.3)

lulllvil®

This definition makes sense, since by the Cauchy-Schwarz inequality

)l
= Telllvi

’ HUHHVH

In R? and R3 the expression (1.3.3) corresponds to the geometric notion of
the (cosine of the) angle between two vectors.
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Angle Between Vectors

1.3.9. Example. For x, y € R? we have <(x, y) = a(x, y).

We may assume that ||x|| = ||y|| = 1 and we consider the case
_ [cosq _ [cos o
X_<sin<p1>' y_<sin<p2>' 0 <1 <o <.

Then <(x,y) = ¢2 — 1 and

cos <(x, y) = cos(p2 — p1) = COS P2 €OS p1 + sin @y sin @1
= (x,y) = cosa(x, y)

In a similar manner, one can prove that <((x, y) = a(x, y) for x,y € R3.

In applications, we are nearly exclusively interested in whether or not two
vectors are at right-angles to each other, i.e., whether they are
perpendicular.
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Bases and Inner Product Spaces

Orthogonality and Pythagoras's Theorem

1.3.10. Definition. Let (V/, (-, -)) be an inner product vector space.
(i) A vector v € V is said to be normed (or normalized) if (v, v) = 1.
This is equivalent to ||v|| = 1.
(ii) Two vectors u, v € V are said to be orthogonal or perpendicular if
(u,v) = 0. We then write u L v.

1.3.11. Pythagoras's Theorem. Let (V, (-, -)) be an inner product space,
X,y € Vsuch that x L y and z=x+y. Then

212 = lIxI* + Iyl

Proof.
We see directly that

2|7 = (z,2) = (x +y.x +y) = (x, x) + (x, ¥) + (y. x) +{y, y)
—

2 2
= [Ix[I” + Iy~ a
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Orthonormal Systems

1.3.12. Definition. Let (V/, (-, -)) be an inner product vector space. A
family of vectors {v,}ne; C V, | C N, is called an orthonormal system if

1 form=n
Vi, Vi) = Omp = " kel
(v, vn) m {O for m #£ n, J
i.e., if [|[va]| =1 and vy, L v, for m # n.
1.3.13. Example. The standard basis vectors in R3,
1 0 0
e1=10], e=11], es= 1|0
0 0 1

are an orthonormal system (ej, e2, €3) with respect to the scalar product
(1.3.1).
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Orthogonal Polynomials

1.3.14. Example. Consider the space C([—1,1]) of complex-valued
continuous functions imbued with the scalar product given by

1
(u,v) = / u(x)v(x) dx. (1.3.4)

-1

Let us regard the monomials
mp(x) =1, my(x) = x, mo(x) = x2.

Then
1

(mo,m1>:/1 mo(x)ml(x)dx:/ 1-xdx =0,

-1 -1

! 2
(mo,m2>:/ 1-X2dX:§,

-1
1
(my, my) :/ x-x?dx = 0.
-1
Thus. ma L. m1 and mi L m-> but ma £ m-.
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Orthonormal Systems

1.3.15. Example. In £2 a scalar product can be defined by

oo
(x,¥) = Xayn.
n=0

Then the set (e,)nen is an orthonormal system, where
en=(0,...,0,1,0,...)

is a sequence equal to zero in every entry except for the nth entry, where it
equals one. In other words,
1 k=n,
(en)k =

0 k#n.
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Orthonormal Bases

1.3.16. Definition and Theorem. Let (V/, (-, -)) be an inner product vector
space and {ep}nes C V, I C N an orthonormal system in V. If span{e,} is
dense in V, then the ordered set (e,) is a Schauder basis of V. In
particular, any v € V has the unique representation

v="> (en v)en (1.3.5)
nel

We say that {e,} is an orthonormal basis (ONB) of V.

Proof.
Since the span of {e,} is dense in V/, every v € V has a representation in

the form
v = Z An€n

nel

for certain A\, € F. It remains to show (1.3.5).
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Orthonormal Bases

Proof (continued).
We prove only the case /| = N. Let

N
vy = g An€n.
n=0

Then ||vy — v|| = 0 as N — oo. Furthermore, for any m € N and any
N >m,

™=

<emv VN> = )\n<emy en> =Am

n

AL

so we see that A\, = (e,, vyy) for n < N. Fix n € N and choose N > n.

Then

N—o0
An = (e v)| = |{en vi — V)| < [lvw — v|| =0

by the Cauchy-Schwartz inequality. This shows (1.3.5). O
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Fourier-Euler Basis

We now have a useful concept of basis in an infinite-dimensional inner
product space: a system of vectors that is orthogonal and whose span is
dense. There are two basic examples worth mentioning now:

1.3.17. Example. The functions b, € C([0, 27]) given by

bo(x) = ——ei™ nez (1.3.6)

e

give an orthonormal system {b,},cz with respect to the scalar product

2r
(u,v) = /0 u(x)v(x) dx.

The span of {b,}nez is also dense in C([0, 27]), but we have not proved
this yet. The proof is quite complicated and will have to be postponed.
The basis (1.3.6) is called the Fourier-Euler basis of the continuous
functions. We will analyze it more closely in a later section.
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A Polynomial Basis?
1.3.18. Example. The span of the functions m, € C([—1, 1]) given by
mp(x) = x", neN, (1.3.7)

is dense in C([—1,1]) (by the WeierstraB Approximation theorem), but the
functions are not orthogonal (see Example 1.3.14. In order to construct an
orthonormal basis for C([1, 1]), we need to orthonormalize them. This is
done using the Gram-Schmidt process, which we now describe.
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Orthogonal Complement

1.3.19. Definition. If M C V is a subspace, the set

M+t = {v evV: u€vM<v, uy = 0}

is called the orthogonal complement of M.
1.3.20. Lemma. M is a subspace of V.

Proof.
If vi, v» € ML, then

(i +wvo,u)=(vi,u)+ (v, u)=0+0=0

forallue M, so vy + vo € M+ Similarly, if v € M+ and )\ € F, then
(Av,u) = Xv,u) =0, so \v € M+. Thus M~ is a subspace of V. O
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Projection Theorem

1.3.21. Projection Theorem. Let (V, (-, -)) be an inner product space and

ui, ..., U, a finite orthonormal system in V/, i.e.,
1 forj =k, .
(uj, ug) = 0j = ) , Jok=1..,n
0 forj # k,
Let U :=span{u, ..., up}. Then for every v € V there exists a unique
representation
n
v=u+w where uzZ(u;,v)u;EUand we Ut

i=1
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Projection Theorem

Proof.
We first show the uniqueness of the decomposition: Assume
v=u+w=u +w' Then by Pythagoras's theorem,

0=lu—u+(w—w)|?=u—d[+|w—wl?

so|lu—u| =|w—-w| =0. Thus u = v and w = w'. Regarding the
existence of such a decomposition, it is clear that u lies in U. We need to
show that w = v — u € UL. For this, it is sufficient to show that

(w,uj) =0for j=1,...,n, since (uy, ..., up) is a basis of U. Now for
j=1,...,n we have

(w,uj) = (v, u;) — (u, uj) = (v, u;) — ; (ui, v) (uj, uj)
=5;

= (v, uj) — (v, uj) =0. O
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Bessel's Inequality

As a consequence of the Projection Theorem 1.3.21 and Pythagoras's
Theorem 1.3.11 we obtain the following important result:

1.3.22. Bessel Inequality. Let (V/, (-, -)) be an inner product space and
{ek}ner C V, I C N, be an orthonormal system in V. Then, for any
vev,

> Hem )P < |IvI. (1.3.8)

nel
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Bessel's Inequality

Proof.
Let us assume first that / = {1, ..., N} is finite. Let v € V be any vector.
Then, by the projection theorem, we can write

<

I

<

_l’_

S

I
™=

(en, vYen +w
where u L (v — u). Then, by Pythagoras's theorem,
N
0 < [lv—ul® = [Iv[* = ull® = VI = D _I(en, v) I (1.3.9)
n=0

This proves (1.3.8) for the case of finite N. If / =N, we can let N — oo
on both sides of the estimate (1.3.9) and again obtain (1.3.8). O
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The Riemann-Lebesgue Lemma
An immediate corollary of the Bessel inequality is the followinG:

1.3.23. Riemann-Lebesgue Lemma. Let (V, (-, -)) be an inner product
space and {ex}ne; C V, I C N, an infinite orthonormal system in V.
Then, for any v € V,

n—oo

(en, v) —— 0. (1.3.10)

The result follows from the fact that the series in (1.3.8) can only converge
if the sequence of summands converges to zero.
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Gram-Schmidt Orthonormalization

The goal of Gram-Schmidt orthonormalization is to obtain an orthonormal
system from any family of vectors.

Assume that we have a family of vectors {vi}ke; C V, I C N, in an inner
product space V. We wish to construct a new family {wy }xe; C V,
I C N, that is orthonormal. We start with v; and norm it, defining

Vi

w = —
A

Next, we want to obtain from v, a vector wy such that w; 1 wy. By
Theorem 1.3.21, v» has a unique representation as a sum vo = x + y,
where x € span{w;} and y € (span{w})*. Now x = (wy, vo)wy, so

y =vo— (wi, vo)wy € (span{wi})".

(Of course, y is independent and even orthogonal to wy.)
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Gram-Schmidt Orthonormalization

It just remains to normalize y, and we define

_ Vo — <le V2>W1
[va — (wi, va)wa ||’

wo :

Now we can write
v3 = (w1, 3)wy + (wp, v3)wa + ,
where y € (span{wy, wo})*. Thus

3= <W2. V3>W2 - <W1, V3>W1
3 =
HV3 - (W2, V3)W2 - <W1, V3>W1H

will be normed and orthogonal to wy and ws.
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Gram-Schmidt Orthonormalization

Proceeding in this way, we set

Vi
W = ———
[Jvall
Vic = ZI'(—_11<WJ" Vi) Wj
Wy = = k=2734,..,

k—1 '
[[vic — Zj:l (wj, vieywj |
and hence obtain an orthonormal system as desired.

1.3.24. Example. Continuing the discussion in Examples 1.3.14 and 1.3.18,
we consider the monomials

mo(x) =1, m1(x) = x, ma(x) = x

in C([-1,1]).
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Orthogonal Polynomials

We apply the orthonormalization procedure to obtain

o) — mo(x) _ 1 _ 1
90(x) || mo| Lllmz d V2
my(x) — {qo, m1)qo(x) X 3
qu(x) = = =1/ =X
' |m1 — (g0, m1)qol| \/m \/;
B(x) = ma(x) — {q1, m2)q1(x) — (g0, m2)qo(x)
|m2 — (g1, m2)q1 — (qo, m2)qo||
_ x?-1/3 3\f( C173)

VILbe —1/32de 2V2

This procedure can be applied to all monomials m,(x) = x" to yield a
system of orthonormal polynomials in C([—1,1]), called the Legendre
polynomials. Since the set of all polynomials is dense, the Legendre
polynomials constitute an ONB of C([—1,1]).
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Best Approximation

The use of an orthonormal basis (as opposed to any Schauder basis) also
has significant advantages in practical approximation problems. In
applications, one usually wants to use only a few basis vectors to
approximately represent a given vector. The question is now how to select
the coefficients optimally. More precisely:

Let (V, (-, -)) be an inner product space, v € V and B = {e,} an
orthonormal system in V. We seek to approximate v using a linear
combination of the first N € N elements of 4,

N
VA Anen, A, ..., \ € F. (1.3.11)
n=1
The goal is to choose the coefficients A1, ..., Ay in such a way as to

minimize the approximation error

N
v — E An€n
i=1
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Best Approximation
Note that

N
Hv— E An€n
i=1

5 N N N B
= HV||2 =+ Z|)\n|2 - Z)‘n<vv en> - Z )\n<eny V)
n=1 n=1

N N
= I+ > (em v) = Aal” = S e V)2 (1.3.12)
n=1 n=1

It is clear that (1.3.12) is minimal if A, = (ep, v), i.e., the coefficients in
(1.3.11) are just the coefficients of a basis expansion. We also see that

v — i(e,-, v>e,-H < |lv — i(e;, v)e;

i=1 i=1

forn> N, (1.3.13)

so the approximation can only improve when we add further elements of
the orthonormal system % to the approximation. The previous coefficients
do not need to be recalculated when more orthonormal vectors are added.
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Legendre Polynomials and Applications
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Legendre Polynomials and Applications

The Legendre Polynomials

1.4.1. Definition. For n € N the function

1 d7

= Sy [(x* = 1)1 (1.4.1)

P,:[-1,1] = R, Pn(x)
is said to be the nth Legendre polynomial.

1.4.2. Remark. The expression (1.4.1) is known as Rodrigues’s formula
for the Legendre polynomials. The Legendre polynomials can also be
defined as the unique bounded solution to the Legendre differential
equation for x € (—1,1),

d

= <(x2 — 1)31) =n(n+1)y, with y(1) =1. (1.4.2)

This equation occurs naturally in the study of partial differential equations.
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The Legendre Polynomials

It can be easily seen from Rodriques’s formula that each P, is a polynomial
of degree n. We plot the first six Legendre polynomials below:

Po
Py(x) = %
P4(X) = %
P5(X) = 1

8

(x) =1,

(5x3 — 3x),
(35x* — 30x2 + 3),

(63x° — 70x> + 15x)

Pi(x) = x,

Slide 98 m
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Po(x) = 2(3x2 — 1)

2

-1
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Legendre Polynomials and Applications

1.4.3. Theorem. The Legendre polynomials are orthogonal with respect to
the scalar product (1.3.4), i.e.,

1
(Pp, Pm) = /_1 Pn(x)Pm(x) dx =0, n#m. (1.4.3)

Proof.
Since P, is a polynomial of degree n, it is sufficient to show that P, is
orthogonal to any monomial

of degree k < n. We define u,(x) := (x*> — 1)" so

1 d"
~ 2npl dxn

(02— 1)) = 10 (x).

Pn(x)
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Orthogonality of the Legendre Polynomials

Proof (continued).

Note that for any k < n, u(k)(—l) = uf,k)(l) =0.Let 0 < k < n. Then,
integrating by parts, we find

1 Yok
(my, Pp) = S /_1X up ' (x) dx

1 1
1 u(nfl)(x)xk __k / Xk_lugnfl)(x) dx.
_1 2””! -1

T oonpl "

=0
Repeatedly integrating by parts, we obtain

(my, Pp) = (V! /1 U,(,n_k)(x) dx = (_1)kk!u(”—k—1)(x)

2nnl 4 2npl "

This completes the proof.
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It turns out that (up to normalization) the Legendre polynomials are
precisely the polynomials obtained from monomials through
orthonormalization.

1.4.4. Theorem. Let (e,),en denote the sequence of polynomials obtained
from the monomials

my: [-1,1] = R, my(x) = xK,
through Gram-Schmidt orthonormalization. Then
1
en=——P, (1.4.5)

1Pall" ™
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Legendre Polynomials and Orthonormalized Monomials

Proof.
Fix n € N and define the space of all real polynomials of degree less than
or equal to n,

P = {p [-1,1] = R: p(x) = Zakx}

Then {eg, €1, ..., €n—1, €n} is a basis of %, and we have the basis
representation

x) =Y Ace(x) + Anen(), M., dn €ER.

Since (ep) is an orthonormal basis, we have

/\k = <ek, P,,>.
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Legendre Polynomials and Orthonormalized Monomials

Proof (continued).
As P, is orthogonal to all monomials of degree less than n, we see that

Pn(x) = Anen(x)
for some A\, € R. Using |ey|| =1,
1Pall = lIAnenll = [Anl,

so
1
[1Pa
To determine the sign, note that the coefficients of x” in Pp(x) and e,(x)
are both positive (why?), so (1.4.5) holds. O

Pn(x) = £en(x).
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The Fourier-Legendre Basis
Thus, any function £ € C([—1, 1]) can be expanded in a series of the form

9= 3 o, P 1)

where

1 1
<P,,,f>:/ f(x)Pn(x)dx  and ]P,,||2:/_1(P,,(x))2dx.

-1
In the assignments, we will establish

1Pall = 2n2+ 1
Hence, for any f € C([-1,1]),
F(x) = Z 2n * Lip, F)Py(x) (1.4.6)

n=0
The expansion (1.4.6) is known as a Fourier-Legendre series for f.
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Fourier-Legendre Series
1.4.5. Example. Using Mathematica, we expand the function
f:[-1,1] - R, f(x)=|x—-1/2|

in a Fourier-Legendre series of polynomials. Note that this is an example of
a polynomial approximation where a Taylor series would not be applicable,
because f is not differentiable at x = 1/2.

. 2n+1 1
pIx_, m_] i= Z 5 (JlLegendreP[n, y] Abs[y -1/2] dly] LegendreP[n, x];

n=0

Simplify[p[x, 4]]

3923 - 8656 x + 1890 x? + 5040 x® + 2835 x*
8192

Simplify[p[Xx, 8]]

P —— <l7 117153 - 35623456 x - 17089380 x% + 8981280 x° +
33554432

102972870 x* + 44108064 x> - 104108 004 x® - 35212320 x” + 34459425 x°)
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Fourier-Legendre Approximation of f(x) = [x — 1/2|

We illustrate the effect of the first 12 terms in the series:

y
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Fourier-Legendre Approximation of f(x) = |x — 1/2|

At 40 terms, the approximation is quite good:

y
A

31
2

N
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Recurrence Relations

Many sequences of orthogonal polynomials can be constructed recursively
through so-called recurrence relations. For example, the Legendre
polynomials satisfy the relation

(2n + 1)xPp(x) = (n+ 1) Ppy1(x) + nPp_1(x). (1.4.7)

There exist a large variety of such recurrence relations, some of which we
list without proof below:

(i) Pn(x) = Phiq(x) = 2xPL(x) + Pp_1(x),
(i) Prya(x) = Pp_1(x) = (2n + 1) Pa(x),
(iii) xPp(x) — Pp_1(x) = nPy(x),

(iv) P(x) — xP!_1(x) = nPp_1(x),

(v) (x*> = 1)P.(x) = nxPp(x) — nP,_1(x).
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Recurrence Relations

Proof of (1.4.7).
The proof is based on Rodrigues's formula (1.4.1) and the fact that

dn d" dnfl
= — 1.4.
X T a1 (1.4.8)
as is easily seen by applying the Leibniz rule of differentiation to
47 (xf(x)). It follows that
1 d” 2 n n 1 2 n
Pulx) = Gant g O = V= G g 0 — 1)
1 dn+1 ) n dnfl
— -1 n+1 2 1 n
21 (n 1 1)l et U 2ol a1 1)
n d"— 1 ;
= Pra() - (2~ 1) (1.49)

2npl dxn—1
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Recurrence Relations

Proof (continued).

Now
x d" X dn-1
Pn _ 2 1) = -1 n—1
Fal¥) = Srni e~V = i Sy e T =)™
Applying (1.4.8), we obtain
1 dn—l
xPn(x) = 2n=1(p — 1)l dx"—1 [XZ(X - 1]
n—1 dn—2 1
B 2n=1(p — 1)l dx"~ Z[X(X -0
1 dn—1 .
= 2n71( )| dxn—1 [( -1+ 1)(X2 - 1) 1]
n—1dn-1

2
L e
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The Generating Function

Proof (continued).
Expanding and gathering, we have

n+1d~t n
XPn(X) == 'Dn—l + WW(X - 1) . (1410)
Taking (1.4.9) divided by n, (1.4.10) divided by n+ 1 and adding the two
identities, we obtain the result. O

From the recurrence formula (1.4.7) we obtain the generating function for
the Legendre polynomials, which will be the basis for our discussion of
potentials..
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The Generating Function

1.4.6. Theorem. The Legendre polynomials P,(x) can be obtained from
the generating function

Pn( 1.4.11
vV VI—2xt+ 2 Z ( )
which for every x € [—1, 1] has radius of convergence 1.

Proof.

The proof is based on the recurrence formula (1.4.7) and is part of the
assignments. L]

The generating function (1.4.11) occurs naturally in potential problems in
physics (which is how it was discovered by Legendre). This includes
problems involving the gravitational or electrostatic potentials. We will
formulate examples in the electrostatic context, but they can easily be
transferred to other setting.
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The Electrostatic Potential induced by a Charged Body

A charged body in R? induces an electrostatic field E, which can be
described as the gradient of the electrostatic potential \/. Suppose that
the charged body can be described through a charge distribution

0: R3 — [0, c0), which we assume to be a piecewise continuous function.
(This excludes ideal point charges and surface charges.)

In electrostatic cgs units (where 4weg = 1), the electrostatic potential
induced at a point p € R3 is given by

V(p) = ///{Rg |pQ(_q)q’ dq. (1.4.12)

(This integral can be derived as a so-called fundamental solution of
Poisson's partial differential equation AV = g in R3. This will be
performed in detail in the course Vw557 Methods of Applied Math II.)

Evaluating the integral (1.4.12) is often quite difficult. We now study this
in more detail.
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Spherical Coordinates

We aim to evaluate (1.4.12) for some fixed p € R3. Let us choose an
origin and coordinate axes so that p lies on the z-axis at p = (0,0, {) with
¢ > 0. We further introduce spherical coordinates

X = rcos¢sinf, y =rsin¢sind, z=rcosf

with (r, ¢,0) € [0,00) x [0,27) x [0, 7]. Hence, 6 is the angle between a
point g € R and the fixed point p.

For g = (rcos¢sin, rsin ¢sinf, rcos ) we have
lp—ql = \/(O —rcos¢sinf)? + (0 — rsin¢sinf)? + (¢ — rcosf)?
=/r2 +(2—2Crcosf (1.4.13)

Hence, in spherical coordinates, (1.4.12) becomes

B 2m r,¢,0)r’sinfdo dodr
V(0,0,¢) =: v(¢) = / / \/r2+C2 —2(rcosf
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The Multipole Expansion

Let us assume that the charged body is finite, so |o(q)| = 0 if |g| > a for
some a > 0. If { > a, then

B 2 L, 0)r?sinf df do dr
V(@) // /ogm T+ (r/C) — 2(r)<) cosb

where r/¢ < 1. Using the expansion (1.4.11), we can write

a 2w pw 0o N
Q)= 2/0 /0 /0 o(r, ¢,9)r2sin9§)/:’n(cose) (2) df dodr

- Z Cn+1

with

a r2r pw
0 = / / / olr, 6,0)r"2 sin OP,(cos 0) d6 dp dr.
0 JO 0
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The Multipole Expansion

We can write this expansion in coordinate-free form as

Z |p’n+1’ (1414)

where 0 = Z(p, q) is the angle between p and ¢ and

- [ o

The series (1.4.14) is called the multipole expansion of the potential. It
gives a power series in terms of the distance from the origin. The
coefficients g,, n € N, have various physical interpretations.
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The Monopole Moment

The coefficient qq is called the monopole moment and represents the
total charge,

- [[[ carpaicostyda= [[[ starda= . (1415)

\pl Z Ipl”+1

The potential induced by an ideal point charge at the origin is exactly

Vpoint(p) = |§|

Hence,

(1.4.16)

so the leading-order (dominating) term in the multipole expansion is the
potential of a point charge with the total charge equal to that of the body
under consideration.
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An Ideal Monopole

1.4.7. Example. Consider a uniformly charged ball of radius a > 0, centered
at the origin and with charge density gg > 0. The monopole moment is the

total charge,
o [[] sy e

All other moments vanish, because for n > 1,

a 2w pm
n :/ / / 00r" 2 sinOP,(cos#) df d¢ dr
o Jo Jo

= 277903,,+3/ sin P, (cos ) do

n+3 0
27T00 ,,+3/1 271'90 3

= 1-P,(t)dt = a3 (Py, P =
n+3 _1 n(t) n+3 < n)iz = 0.

We see that a uniformly charged ball induces exactly the same potential as
a point charge.
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A Shifted Point Charge

Now suppose that a point charge is shifted from the origin to the position
g. Then the potential at a point p = (0,0,¢), ¢ > |g| > 0, is given by

Q
lp— 4

Using polar coordinates for g we again have (1.4.13), so

Q
% oint = - P ‘9
poine(P) N 2Crcos€ Z (cos (C)

n=0

Vpoint(p) =

Suppose that |g| < ¢. Using again the expansion (1.4.11), we obtain

Q Qlql"
Vooint(p) = — + Z Pn(cos ) |,?J|r1
Pl = P

where 6 = Z(p, q) is the angle between p and g. We now have a much
more complicated expansion than (1.4.16). However, note that the term qo
(the total charge) has stayed the same.
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A Shifted Point Charge

1.4.8. Remark. The monopole moment (1.4.15) is independent of the
choice of origin (or, equivalently, a position shift of the charged body): if
q' = g+ Aq is the position of the shifted body, then the total charge

go = Q does not change.

Now consider two point charges: a positive charge g* at position g € R”
and an opposite charge g~ at position —q. In spherical coordinates,

rcos ¢sinf —rcos@sinf rcos ¢sin(6 + )
g=|rsingsind |, —qg=| —rsingsinf | = | rsin¢psin(6 + )
rcos 6 —rcosf rcos(f + )
We now let
d
ro=—
2

for d > 0.
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A Physical Dipole

This arrangement is called a physical dipole. The potential is induced by
these charges at p = (0,0, () is given by

Vphys. dipole(p) = Vpoint'q+( )+ Vpoint'q— (P)

gtlgl"” <« n
—ZP cosH 4] +ZP cosH q_ld

n+1 |n+1
q d"
_ZP COSH 2n |n+1 Z COSG)W
g +q  (q" )dcosQ
P 2Ipl2
n
+
#3(a" (1) )Prleos)
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A Mathematical Dipole

Note that if g~ = —q™, then the total charge of the dipole is zero and the
dominating term of the potential is

(gt — g )dcosb _ g dcosf _ q"|p|d cos b _ qat(2q, p)
2|pl? |pI? |p? PP

The vector
u:=gq"-(2q) (1.4.17)

is called the dipole moment. (Here 2q is the vector pointing from —q to
g.) An ideal or mathematical dipole is obtained by letting d — 0 while
u remains constant (i.e., (g7 — g~) — oc). This can be made
mathematically precise using the theory of distributions, but we omit this
here. One then obtains

u,
Vinath. dipole(p) = <|P|§>
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The Dipole Moment

In the general multipole expansion the second coefficient is

/// ) - alPr(cos ) dg = /// q)lql cos Z(p. q) dg
el ///[Rs ){p.q) dg = <I|j,,3|

ui= ///R3 qo(q)dq (1.4.18)

is called the dipole moment, generalizing (1.4.17). Note that while the
monopole moment qq is a (constant) scalar, the dipole moment (1.4.18) is
a vector. It is independent of p and enters into g; by taking the scalar
product with p/|p|.

where
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Higher-Order Terms and Dependence on Coordinates

While the monopole moment describes the total charge, the dipole
moment describes the charge distribution within the body. This is also true
of the higher-order terms, such as g» (related to the quadrupole
moment, a tensor) and g3 (related to the octupole moment).

The dipole moment is not in general independent of the choice of origin
(or, equivalently, a position shift of the charged body): if ¢ = g+ Aq is
the position of the shifted body and u’ denotes the dipole moment of the
shifted body, we have

u’—///[R3q@(q+Aq)dq—//A3(q—Aq)9(q)dq—u—QAq-

Hence, if the total charge @ vanishes, the dipole moment is independent of
the choice of origin. If not, then the origin needs to be explicitly stated for
the dipole moment to be defined.
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An ldeal Dipole

1.4.9. Example. Consider a ball of unit radius with charge density
z

ox,v,zZ)m —F—.
( ) /X2_|_y2_|_z2

Let p=(0,0,¢), ¢ > 1.

1 27 T

Cln:// / 00r"™2 cos f'sin AP, (cos #) df d dr
o Jo Jo
27 T

= / cos @ sin OP,(cos§) db

n+3 0
27 1
— t-P,(t)dt
n—i—3/_1 ()
s -1
:277(<P1'Pn>l_2: 3 =4
n+3 0 n#1

so on the z-axis the only non-zero term is the dipole term.
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Hilbert Spaces
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On Convergence

In the previous sections, we have imbued the space of continuous functions
C([a, b]) with the scalar product defined by

bi
(u, v) ::/ u(x)v(x) dx. (1.5.1)
The induced norm is then
b
Julla =/ [ uG0P dx (15.2)
a

which is different from the more commonly used

[ulloo == sup |u(x)].
x€[a,b]
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Cauchy Sequences

To understand the implications of the choice of norm, we consider the
general setting. A sequence (u,) in any normed vector space (V, | -||)
converges to a limit v € V if and only if

lun — ul| — 0
It is then also true (why?) that

v 3V lun — uml| < e, (1.5.3)
e>0 NeN n,m>N
i.e., the terms of the sequence are arbitrarily close to each other if N is
sufficiently large. A sequence satisfying (1.5.3) is said to be a Cauchy
sequence.

Hence, every convergent sequence is a Cauchy sequence, but is the
converse true? Does every Cauchy sequence converge to some limit?
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Cauchy Sequences

For illustration, consider a sequence (uj,) of rational numbers, for example
n
1
tn = %2
k=1

We see that, forn > m > N,

n n
1 1 1 1
— = — < = — — = —_
un —tm = > 73 < k—Dk m n_
k=m+1 k=m+1

so (up) is a Cauchy sequence. But (up) converges to an rational number
(72/6). Hence, if we were only considering the set of rational numbers, the
sequence (u,) would not have a limit.

This illustrates that whether or not every Cauchy sequence is a convergent
sequence is a property of the normed vector space.
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Completeness, Banach and Hilbert Spaces

1.5.1. Definition. A normed vector space (V/, || -||) is said to be complete
if every Cauchy sequence in V has a limit in V.
(i) A complete normed vector space is called a Banach space.
(ii) An inner product space that is complete with respect to the induced
norm is called a Hilbert space.

We will often denote Hilbert spaces by the letter %"

The completeness of a vector space is essential for many basic properties
to hold. For example, we can answer the following question: given an
orthonormal sequence (e,) in a Hilbert space, can we choose any numbers
A, and write out the sum

o0

Z An€n

n=0

to obtain a meaningful element in %7 (In the finite-dimensional case, this
is of course trivially the case.)
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Convergence and Absolute Convergence of Series

To illustrate the usefulness of the concept of completeness, we give a result
concerning series. Given a sequence (a,) of elements in a Banach space X,
we might ask for a condition that ensures that the series

oo
> an
n=0

converges to some element of X. A useful concept here is that of absolute
convergence:

1.5.2. Definition. Let (a,) be a sequence in a Banach space X. Then we
say that the sequence is absolutely summable or that the series Y 7° ; a,
is absolutely convergent if

o0
D llan|| < oc.
n=0
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Convergence and Absolute Convergence of Series

Hilbert Spaces

1.5.3. Lemma. Let (a,) be a sequence in a Banach space X. Then

o0 oo

Zan converges if ZHanH < 00

n=0 n=0
Proof.
Let

n n
Sn=_a, sn=> llall.
k=0 k=0

Then,

n n
150 = Sall = || = 2| < D" llakll = [0 = 5.
k=m k=m

If (sn) converges, then (s,) is Cauchy and so is (S,). Since X is complete,
this implies that (S,) converges. O
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Convergence of Orthonormal Sequences

1.5.4. Theorem. Let % be a Hilbert space and (e,) an orthonormal
sequence in %

(i) The series

oo
> Anen
n=0

converges to an element v € % if and only if

o0

> Anf? < oo

n=0
(ii) For any v € %, the sequence

o0

Z(en, v)en

n=0
converges.
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Convergence of Orthonormal Sequences

For the proof, we use the fact that the real numbers are complete (every
real Cauchy sequence converges to some real number). This is usually
proven in first-semester calculus.

Proof.
(i) Let

n

Sn:Z/\kekv SnZZ‘)\kF-
k=0

k=0
Then, by Pythagoras's Theorem 1.3.11,

IS0 = Sl = |32 e = 3 Ihwenll? = 30 Il = [0 — sl
k=m k=m m

k=

Hence (S,) is Cauchy if and and only if (s,) is Cauchy, i.e., if and
only if (s,) converges.
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Convergence of Orthonormal Sequences

Proof (continued).

(i) Since # is complete, (S,) converges if and only if (s,) converges.

(i) From the Bessel inequality (1.3.8) we have

oo
> lem v)I> < VI < oo,
n=0

so applying (i) with A\, = (e, v) the series

e}

Z(en, v)en

n=0

converges. O
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Criterion for Orthonormal Bases

In Hilbert spaces, we also have a very useful criterion for when an
orthonormal system is also a basis.

1.5.5. Theorem. Let % be a Hilbert space. The span of an orthonormal
system {e,} C F is dense in % if and only if the only vector orthogonal
to all e, is the zero vector, i.e., if and only if

Vv_L>Le, = v=20
n
for any v € 7.
Proof.
(=) Suppose that span{e,} is dense in %" Then {e,} is a basis and
oo
v = Z(en, v)en.
n=1

Hence, if (v, e,) = 0 for all n, then v = 0.
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Criterion for Orthonormal Bases

Proof (continued).

(«<=) By Remark 1.2.12 span{e,} is dense if and only if

v v 3 v —w|| <e.
e>0 wed vespan{en}

Suppose that span{e,} is not dense in %". We will show that then
there exists a vector that is orthogonal to all the e,. First,

3 3 v lv—w]| >e.
e>0 wed vespan{e,}

Choose such an € > 0 and a w € &%". This w can not be the zero
element (why?), so w # 0. Now define the sequence (v,) by

n

Vp 1= Z(e,-, w)e; € span{e,}.

i=1
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Criterion for Orthonormal Bases

Proof (continued).

(<) Then ||w — v,| > ¢ for all n. By Theorem 1.5.4, the sequence (v,)

converges,
00

HW — Z(e,-, w)e;

i=1

> €.

Define u:=w — >"2;(ej, w)e;. Since |lul| > ¢, u# 0 and
(ex, u) = (e, w) — (ex, w) =0

for all ex € {e,}. Hence, Vu L e, A u=0. O
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Parseval’'s Theorem
Another important consequence is Parseval's identity:

1.5.6. Parseval's Theorem. Let % be a Hilbert space and {e,} an
orthonormal sequence in %". Then

v = Z\ en v forall v e %7 (1.5.4)

if and only if span{e,} is dense in 7.
For the proof, we refer to [Kreyszig, Theorem 3.6-3].

Many other results we will develop later also depend on the completeness if
the inner product space, so it is important to discuss the completeness of
the main application so far, the set of continuous functions on an interval.
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The Space of Square-Integrable Functions



OINT INSTITUTE
RARERBREE

The Space of Square-Integrable Functions Slide 141 K=

Completeness of the Space of Continuous Functions

We will show that

» (C([a, b], || - ||so) is complete but

» (C([a, b], || -]|2) is not complete.
Before we prove these statements we remark that they have serious
implications:

The norm || - ||2 is induced by a scalar product and we can use it together
with orthonormal bases. However, because the space is not complete, we
will have difficulty proving certain results later on.

On the other hand, the space of continuous functions is complete with
respect to || - ||oo, but we can prove that | - ||« is not induced by any scalar
product, so this norm does not work well with orthonormal bases.
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Completeness of C([a, b]) with || - |0

We will first show that C([a, b]) is complete in the norm || - ||~. For this,
we need a preliminary result, which should be familiar from calculus.

1.6.1. Theorem. Let [a, b] C R be a closed interval. Let (f,) be a sequence
of continuous functions defined on [a, b] such that f,(x) converges to some
f(x) € R as n — oo for every x € [a, b]. If the sequence (f,) converges
uniformly to the thereby defined function f: [a, b] — R, then f is
continuous.

Proof.
We need to show that f is continuous for all x € [a, b]. We will here deal
only with x € (a, b); the cases x = a and x = b are left to you.

Fix x € (a, b). We will show that for any € > 0 there exists a § > 0 such
that |h| < ¢ implies |f(x + h) — f(x)| < € (for h so small that
x+ he(ab)).
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Completeness of C([a, b]) with || - ||

Proof (continued).
Fix € > 0. Then there exists some N € N such that

€
Ifo = Flloo = sup |fa(x) = F(x)] < 3.

x€[a,b]

for all n > N. Since each f, is continuous on [a, b], there exists some § > 0
such that |h| < ¢ implies

I2(x) — Fulx + )| < %
Then for |h| < § we have
P ) — £ < FOx o+ B) — Fulx - B)| 4 [falx + B) — fo(x)]
+ [fa(x) = ()]

e €
T4y —c OJ
<3+3+3 €
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Completeness of C([a, b]) with || - ||
1.6.2. Theorem. The normed vector space (C([a, b]), || - ||s) is complete.

Proof.
Let (f,) be a Cauchy sequence in C([a, b]). We will show that Ii_}m fr(x)

exists for every x € [a, b]. First, by definition, for every € > 0 we have

an - fm”oo = sup |fn(X) - fm(X)| <e

x€[a,b
for n, m sufficiently large. But then, for every fixed x € [a, b], we have
[fa(x) — fn(x)| < €

for n, m sufficiently large. This implies that for every x € [a, b] the
sequence or real numbers (f,(x)) is Cauchy. Since the real numbers are
complete, (f,(x)) converges.
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Completeness of C([a, b]) with || - ||o
Proof (continued).
Hence we can define the limit f(x) := lim f,(x) for every x € [a, b].

n—oo

Now fix € > 0 and choose N so that ||f, — | < & for n,m > N. Then for
fixed n > N we have

[f = falloo = sup [f(x) — fa(x)|
x€|a,b]

= sup lim |[fn(x) — fu(x)]

x€[a,b] M7

< sup sup [fin(x) — fn(x)]
x€[a,b] m>N

= sup sup |fm(x) — fa(x)| < sup e =e.
m>N x€[a,b] m>N

Finally, by Theorem 1.6.1, f is continuous, so f € C(]a, b]). O
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The Space of Square-Integrable Functions

Incompleteness of C([a, b]) with || - ||

We will first show that (C([a, b], || - [|2) is not complete by exhibiting a
Cauchy sequence that does not converge to a continuous function.
Consider the sequence (u,) in C([0, 1]) given by

_J/n 0<x<1/n,
tn(>) = 1/¥/x 1/n<x<1.

Form>n>N

1
1
2 2
Up, — Umll5 = Un(x) — um(x dxg/ —dx = —
o= unl = [ Junl00 = w0 e < [ o= —

so (up) is a Cauchy sequence.
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Incompleteness of C([a, b]) with || - ||

Note that a pointwise limit of the sequence does not exist, since

lim u,(0) = lim +/n= cc.

n—o0 n—o0

By itself, this alone does not preclude a continuous function u from
existing such that v, — v in the norm || - ||2.

Suppose a function v € C([0, 1]) exists such that ||u, — ulj2 — 0 as

n — oo. Then u is bounded, so u(x) < M for some M € N and all

x € [0,1]. Furthermore, uy(x) > 2M for all x € [0,1/(2M)*] if n > (2M)*.
Hence,

# 0

1/(2m)* ) 1
lun — ull2 > /0 |un(x) — u(x)|” dx > Tz

as n — oo, giving a contradiction. Hence, the Cauchy sequence (u,) does
not have a limit in C([0, 1]).
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Completion of a Vector Space

If a vector space is not complete, then there are some Cauchy sequences
that don’t have limits. One then tries to construct the completion of the
vector space, i.e., a slightly larger space in which the original one is
embedded and that contains all the missing limits. We illustrate how this is
done using the example of the rational numbers.

Given @, we may consider the space of all sequences in Q that converge to
a limit. Denote this space by Conv(Q). Each sequence (a,) € Conv(Q) is
associated uniquely to a number a € Q, namely its limit. We can now say
that two sequences are equivalent if they have the same limit, i.e.,

(an) ~ (bn) & n||_>n;o ap = nll_)r’go bp. (1.6.1)
(This is an equivalence relation.) e then denote the set of all sequences

with the same limit as a sequence (a,) by [a(a,)]. Such a set is called a
(equivalence) class and the set of all classes is denoted Conv(Q)/ ~.
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Construction of the Real Numbers

Since each rational number is represented by a class (why?) we have that

Q ~ Conv(Q)/ ~ .

This is just a formal way of saying that the set of rational numbers
corresponds to the set of all convergent sequences of rational numbers, if
any two sequences with the same limit are considered equivalent. Any
rational number corresponds to exactly one class of sequences and
vice-versa.

We can now consider a large class of sequences, that of Cauchy sequences
of rational numbers, denoted by Cauchy(Q). Since every convergent
sequence is a Cauchy sequence, Conv(®) C Cauchy(Q). Furthermore, we
say that two Cauchy sequences are equivalent not if they have the same
limit (because they might not converge) but rather if their difference
converges to zero:

(an) ~ (bn) = lim (a, — by) = 0. (1.6.2)

n—o0
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Construction of the Real Numbers

Of course, (1.6.2) is equivalent to (1.6.1) for convergent sequences. We
now have the larger set

Cauchy(Q)/ ~ > Conv(R)/ ~ ~ @

This larger set now incorporates the rational numbers and by its
construction every Cauchy sequence (a,) in the set has a limit, namely
precisely the object represented by the class [(a,)]. We denote

R := Cauchy(Q)/ ~
and call this set the real numbers.

1.6.3. Example. Every rational number has a finite decimal representation.
We can think of a real number as having an “infinite decimal
representation.” For example, the sequence

3, 3.1, 3.14, 3.141, 3.1415, 3.14159, 3.141592, ...

may converge to 7 if the following terms are chosen appropriately.



) | JOINT INSTITUTE

The Space of Square-Integrable Functions Slide 151 K ) | RAWERBEPT

Construction of the Real Numbers

This “infinite decimal representation” is just the way that real numbers are
introduced in middle school. As another example, the sequences

(an) := (0.4, 0.49, 0.499, 0.4999, 0.49999, ...)
and
(by) := (0.5, 0.5, 0.5, 0.5, 0.5,...)
are equivalent in the sense of (1.6.2), since
|lap — by| = 107 (n+1) 122, ¢
Hence, 0.499999 ... and 0.5 are considered to represent the same real
number.

Now the general procedure for the completion of a vector space is exactly
the same as for the rational numbers: one takes the set of all Cauchy
sequences and defines two Cauchy sequences to be equivalent under the
relation (1.6.2). This set is then called the completion of the original space
and the original space is embedded in it in a natural way.
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The Spaces of p-Integrable Functions

1.6.4. Definition and Theorem. For any p > 1 the vector space of
p-integrable functions on an interval [a, b] is defined as the closure of
C([a, b]) with respect to the norm given by

ful = ( | ol dx)l/p.

This space is denoted by LP([a, b]). Furthermore,

(i) The elements of LP([a, b]) are equivalence classes of functions, where
two functions are in the same class if they have the same values
almost everywhere.

(i) The Riemann integral can be extended to the so-called Lebesgue
integral such that the integral of |u|P exists for all elements of
LP([a, b]) (see Example 2.1.12 in the next part). In fact,

LP([a, b]) = {u: [a,b] — C: /ab]u(x)\pdx < oo}. (1.6.3)
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The Spaces of p-Integrable Functions

1.6.5. Remarks.
(i) We will consider two functions identical if they differ only at a finite
number of points, e.g., the functions

0 x < 0,
0 x<0,
1 0<x<1,
U1(X)= 1 0<x<1, U2(X): 0 1
0 x>1, '

1/2 x=0o0orx=1,

are in the same class and considered to be the same function. This is
analogous to considering the numbers 0.4999 ... and 0.5 to be the
same number.

Actually, two functions are considered identical if they are the same
almost everywhere. This means that they differ only on a set of
measure zero, for example at countably infinitely many points.
However, the technical definition is not important for us at this point.
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The Spaces of p-Integrable Functions

(ii) The above convention leads to functions that are not necessarily
Riemann integrable. For example, the Riemann integral of the
Dirichlet function

1 if x is rational,
x:[0,1] =R, X(x) = A
0 if x is irrational.

does not exist, although the Dirichlet function is in the same class as
the zero function. This (very technical) problem can be solved by
introducing the Lebesgue integral, which agrees with the Riemann
integral where the latter exists and also allows functions such as the
Dirichlet function to be integrated.

We will not go into the technical construction of the Lebesgue
integral here. The final result is that all functions in the same class
have the same integral, so we may just choose an arbitrary
representative from each class when calculating an integral.



{ OINT INSTITUTE
The Space of Square-Integrable Functions Slide 155 = RARERFET

The Fourier-Legendre Basis

We are particularly interested in L2([a, b]), since it is the only LP space
possessing a norm induced by a scalar product. From now on, we will
formulate all of our results in L? spaces. As a first step, we will verify that
the (normalized) Legendre polynomials give a basis of L2([—1,1]).

1.6.6. Theorem. Let e, := P,/||Pnl|2, where P, is the nth Legendre
polynomial. Then B = (e,)nen is an orthonormal basis of L?([—1,1]).
This basis is called the Fourier-Legendre basis of L?([—1,1]).

Proof.
We already know that & is an orthonormal sequence in L?([—1,1]). We
need to show that span @ is also dense in L?([—1.1]). Now
span @B = span {mg, my, my, ...}
—_———

EN/4

where my(x) = x¥, k € N.
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The Fourier-Legendre Basis

Proof (continued).
The WeierstraB Approximation Theorem 1.2.14 states that spano# is
dense (in the || - ||ooc norm) in C([—1,1]), so the same is true for span 2.

Hence, for any € > 0 and any u € C([—1, 1]) there exists a polynomial
p € span % such that

i plloo = sup [u(x) — p(x)] <.
x€[—1,1]

However, since

1/2
IW—Mb—(/I FdQ <VZ sup Ju(x) - p(x)|
x€[—-11]
— V2|lu - pllo

we see that span % is also dense in C([—1,1]) in the L?-norm.
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The Fourier-Legendre Basis

Proof (continued).
Thus, the closure of span.& in L2([a, b]) contains at least all continuous
functions, i.e.,

C([-1,1) c span @ 2.

Since L2([-1,1]) := C([-1, 1])|| ' Hz, we can take the closure on both sides

of the above subset relation and obtain
12([-1,1]) C span @ 2.

But since W” e L2([-1,1]) by definition,
SloaW\le — 12([-1,1])

so span & is dense in L?([—1,1]). O
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Weighted Square-integrable Functions

In applications, we will often use a slightly generalized version of L2([a, b]),
as follows:

1.6.7. Definition. Let /| C R be an interval. A continuous function

r: I — [0, 00) such that r(x) > 0 almost everywhere is called a weight
function on |.

1.6.8. Definition and Theorem. Let / C R be an interval and
r: I —[0,00) a weight function on /. Then the set

L2(1; r(x) dx) := {u: I — C: //|U(X)|2 r(x)dx < oo}

defines the vector space of square-integrable functions f with respect
to the weight function r. If r = 1, we write L?(/) for short.
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Weighted Square-integrable Functions

1.6.9. Definition and Theorem. Let r: | — [0, c0) be a weight function on
I. Then the map (-, -)i2(1:r(x) ax) L2(15 r(x) dx) x L2(1; r(x) dx) — C
given by

(60 21ty ) = [ L) () (1.6.)

where u(x) denotes the complex conjugate of u(x), defines a scalar
product on L2(/; r(x) dx)

1.6.10. Remark. We can construct L2(/; r(x) dx) either directly as in
Definition 1.6.8 using the concept of the Lebesgue integral or as the
completion of C(/), the space of continuous functions on / C R, with
respect to the norm induced by the scalar product (1.6.4).
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Other Orthonormal Systems

There are numerous common orthonormal systems in L2(/, r(x) dx) that
occur in various applications. Some examples are given below:

/ r(x) Complete Orthonormal System
[—7, 7] 1 Fourier Basis
[0, 1] X dilated & scaled Bessel functions
[—1,1] 1 normalized Legendre polynomials
(-1,1) \/11_7 normalized Chebychev polynomials
[0, 00) e normalized Laguerre polynomials
(—00,00) e normalized Hermite polynomials

Hermite and Laguerre polynomials are discussed in [Kreyszig, Section 3.7].
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Fourier Series
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The Real Fourier-Euler Basis of L2([—n, 71])

One of the most important orthonormal bases in L?([—n, 7]) is the real
Fourier-Euler basis given by

By = {\ﬁ \Fcos(nx) \}Esin(nx)}:ol. (1.7.1)

It is easy to check (see assignments) that these functions are actually
orthonormal, i.e., for m,n € N,

. /” sin(mx) sin(nx) dx = {0 n# m,

T J)_r 1 n=m,
e 0 n#m,
= / cos(mx)cos(nx)dx =<1 n=m#0,
m —T

2 n=m=

1 /7r sin(mx) cos(nx) dx = 0

T J—m
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The Real Fourier-Euler Basis of L2([—n, 71])

Although (1.7.1) is easily seen to be an orthonormal system, the proof that
By is a basis, i.e., that its span is dense in L2([—7r,7r]), is more
complicated. We will defer this proof for now.

1.7.1. Theorem. The orthonormal system

(i s (55 e ()

is a basis of L2([a, b]).
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The Real Fourier-Euler Basis of L2([—n, 71])

We would now expect that any function f € L2([—m, 71]) can then be
expanded in terms of the basis functions:

0 () e i), e
+ 2_:1 <ﬁ sin(nx), f>L2 \lf sin(nx)

_ (f. 1) + f: <cos(n;<). fie cos(nx) + i <S|n(nx7r)f>,_2 sin(nx)

2w
n=1 n=1

(1.7.2)

Such an expansion is called the Fourier-Euler series of f. However, the
actual situation is slightly more complicated, as the following example
shows.
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Fourier-Euler Series

1.7.2. Example. We calculate the Fourier series for the function
f € L2([0,2]) given by

f(x)_{l 0<x<1,

0 1<x<2
The representation of f as a Fourier series is

f(x)= <f21>l‘2 + Z(cos(mrx), f) 12 cos(nmx)
n=1

+ Z sin(nmx), )2 sin(nmx)
n=1
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Fourier-Euler Series

A
<f, 1>L2 == 1,
! 1 1
(f,cos(nmx)) 2 = /0 1 cos(nmx) dx = o sin(nm-1) — o sin(nm - 0)
=0,

1
(f,sin(nx))2 = /0 1-sin(nmx) dx = * cos(nm - 0) — =l cos(nm - 1)

nm nm
_ 1=

nm
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Fourier-Euler Series

Hence, the Fourier series gives

2 o= sin((2k + 1)7x
Z (( )7x)

1
2 2k +1

1 1 1—(-1)
f(x) = 54—; E (n)sin(mrx) =
n=1 k=0

For x = 1/2 we obtain the well-known formula

71'_1 1+1 n
4 3 5

-2 -1 1 2

The Fourier expansion with just one term in the series.



' m ( OINT INSTITUTE
Fourier Series Slide 168 RRABRERFPE

Fourier-Euler Series

Hence, the Fourier series gives

1oo
,;g

1 2 Ksin((2k + 1)mx)
X sin(om) = SR D D

x
Il
=)

y

-2 1

The Fourier expansion with five terms in the series.
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Fourier-Euler Series

Hence, the Fourier series gives

1oo
,;g

1 2 Ksin((2k + 1)mx)
X sin(om) = SR D D
k=0

<

-2 - 1

The Fourier expansion with nine terms in the series.
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Fourier-Euler Series

Hence, the Fourier series gives

1oo
,;g

1 2 Ksin((2k + 1)mx)
X sin(om) = SR D D
k=0

y

-2 -1

The Fourier expansion with nineteen terms in the series.
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Fourier-Euler Series

It follows that

1 11— (-1 . 1 2 Ksin((2k 4 1)7x)
) =g+ = Slm) =+ 20 T
n=1

The Fourier expansion with one hundred terms in the series.
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Convergence of Fourier Series

It becomes obvious from this example that a Fourier series does not need
to converge uniformly to the function; the height of the “peaks” near the
jump discontinuities does not decrease. (The occurrence of these peaks is
known as the Gibbs phenomenon.)

The reason for this is that convergence is only with respect to the L? norm,
i.e., for f € L*([~m, 7))

15w = Flfnmy = [ IS0 = FP o 20, (173)
where
(F1)2 = {cos(nx), ) L (sin(nx), )
Sn(x) = ,27r Ly Z W cos(nx) + Z w sin(nx).
n=1 n=1

Hence (1.7.3) does not imply pointwise convergence, i.e., that
Sn(x) — f(x) for all x € [0,2]. In fact, due to the jump discontinuity of f,
this is plainly impossible.
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Convergence of Fourier Series

We see that care must be taken when writing that “f equals its Fourier
series.” The precise analysis of the convergence is quite complicated. For
example, there exist continuous functions that are nowhere equal to their
Fourier series!

The discussion of Fourier series in terms of basis functions gives a good
background for understanding which functions can in principle be expanded
in terms of trigonometric series. However, for a deep understanding the
“abstract generalities” of vector space theory are not sufficient and one
needs to do some hard analysis using the specific properties of the sine and
cosine functions. This is typical of our current subject: the unifying
approach of the abstract theory gives a basic understanding of phenomena,
but does not absolve us of concrete, precise calculations when it comes to
discussing the more subtle points.

However, in the case of Fourier analysis (which would merit an entire
course by itself) we lack the time to go into these details. We merely
quote one of the most basic theorems regarding pointwise convergence.
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Convergence of Fourier Series

The following result (which we will not prove) clarifies the question of
convergence for many applications:

1.7.3. Theorem. Let f € L?([a, b]) be piecewise continuously differentiable.
Then

(i) On any subinterval [&', b'] C [a, b] with &’ > a, b’ < b on which f is
continuous the Fourier series converges uniformly towards f.

(i) At any point x € [a, b], we have the pointwise limit

lim f lim f
Noroo, 2k (v) + Jim £(y)
Sn(x) 5

(This is known as Dirichlet’s rule.)

Thus, at jump discontinuities of f the Fourier series converges pointwise
towards the “mean value” of f near this point. This is precisely what we
have observed in the previous example.
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Pure Sine and Cosine Fourier Bases

Other orthonormal bases that are related to the real Fourier basis for
L2([0, L]) are the following:

1. The complex Fourier-Euler Basis:

By = {\ke%’"xﬂ}i_w (1.7.4)

2. The Fourier-Cosine Basis:

By = {\k \/fcos (LZX) }:0:1 (1.7.5)

By = { %sin (L'L’X> }OO (1.7.6)
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Looking back: Finite-Dimensional Vector Spaces
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Relationship to Linear Algebra?

Looking back over the previous sections, one may well ask, why certain
topics are not discussed in an undergraduate linear algebra course:

» open and closed sets are important in calculus, but are never
mentioned in linear algebra

» convergence of sequences, completeness of vector spaces is not a topic
of linear algebra

» norms are defined, but the influence of the choice of a norm for a
given vector space is never discussed

The reason for these omissions is simple: linear algebra is the study of
finite-dimensional vector spaces, and in such spaces all the above issues
vanish. The questions we have dealt with are truly relevant only for
infinite-dimensional spaces (although our theorems are of course also valid
for finite-dimensional spaces).

We will now discuss this in more detail.
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Equivalent Norms

1.8.1. Definition. Let V' be a vector space on which we may define two
norms || - ||z and || - ||2. Then the two norms are said to be equivalent if
there exist two constants Cy, Co > 0 such that

Culxlls < IIxll2 < Golixls for all x € V. (1.8.1)

1.8.2. Example. In R" we have (amongst others) the following two
possible choices of norms:

n 1/2
Il == (> bal?) Ixloo == max |x. (1.8.2)

— 1<i<n
It is easily verified that for all x € R”,
1
WHX!\z < xlloo < Ix]l2,

so the two norms are equivalent.
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Equivalent Norms

If two norms || - |1 and || - ||2 are equivalent, the vector space V' endowed
with either of these norms, i.e., (V, || -]|1) and (V, || -||2) has the same
topology. That means, for example, that a sequence (v,) converges in

(V. |l |l1) if and only if it converges in (V/, || - ||2). Similarly, a set 2 C V' is
open in (V, | -]|1) if and only if it is open in (V, || - ||2).

Therefore, the following theorem is of fundamental importance:

1.8.3. Theorem. In a finite-dimensional vector space, all norms are
equivalent.

A major consequence of Theorem 1.8.3 is that if we have several norms at
our disposal in a finite-dimensional space, then we can freely choose a
convenient one in order to show openness of sets, convergence of
sequences, etc.

The proof of Theorem 1.8.3 requires some preliminary work.
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The Theorem of Bolzano-Weierstral3

We recall two basic facts from the theory of sequences of real numbers:
(i) Every bounded and monotonic sequence of real numbers converges.
(ii) Every sequence of real numbers has a monotonic subsequence.

Together, these yield the following fundamental result:

1.8.4. Theorem of Bolzano-WeierstraB. Every bounded sequence of real
numbers has a convergent subsequence.

1.8.5. Remark. The Theorem of Bolzano-WeierstraB8 easily implies that
every Cauchy sequence of real numbers converges, because every Cauchy
sequence that has a convergent subsequence must itself converge. Since
Cauchy sequences are always bounded, every Cauchy sequence in R
converges.
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The Theorem of Bolzano-Weierstral3

The basic ingredient in proving that the real numbers (with the usual
modulus norm) are complete is the fact that a bounded, monotonic
sequence converges. The monotonicity is a specific property of the real
numbers, so the proof does not carry over to general vector spaces.

However, we can generalize the Theorem of Bolzano-WeierstraB to R”.
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The Theorem of Bolzano-Weierstral3 in R”

1.8.6. Theorem of Bolzano—WeierstraB in R”. Let (x(™),,cn be a

sequence of vectors in R”, i.e., x(m) — (Xfm), ,x,(,m)). Suppose that there

exists a constant C > 0 such that |x£m)| < C for all m &€ N and each
k =1,..,n. Then there exists a subsequence (x(™));cy that converges to
a vector y € R".

Proof.
Consider the real coordinate sequence (Xl(m))me[N. By assumption, this
sequence is bounded, so by the Theorem of Bolzano-WeierstraB 1.8.4 there

exists a convergent subsequence (x{mjl)) with some limit, say y; € R.

The second coordinate sequence (xém)) is also bounded and has a

convergent subsequence, but this subsequence does not need to have the
same indices as that for (xl(m)).
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The Theorem of Bolzano-Weierstral3 in R”

Proof (continued).

We therefore employ a trick: The subsequence (x, ( “)) that uses the
indices from our above subsequence for the first coordlnate is of course
also bounded and hence has a sub-subsequence (XZ(mjz)) that converges, say

to y» € R. Taking the corresponding sub-subsequence for the first

coordinate, (xi J2)) still converges to y;.

Similarly, a sub-sub-subsequence of the third coordinate will converge to
some y3 € R while the corresponding sub-sub-subsequences of the first two
coordinates will still converge to y1 and y», respectively. Repeating the
procedure n times, the n-fold subsequence (XIE j”)) converges to some

vk €R, k=1,...,n. Hence, the subsequence (x(")) converges to some
y € R". O
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A Basic Norm inequality
All our further results are based on the following basic estimate:

1.8.7. Lemma. Let (V, ] -]|) be a finite- or infinite-dimensional normed
vector space and {vi, ..., v,} an independent set in V. Then there exists a
C > 0 such that for any Aq,..., A\, € F

v+ -+ Anvall 2 C(Aal 4+ + [l (18.3)

Proof.

Let s := |[A1| 4+ -+ |An|. If s =0, then all Ay = 0 and the inequality
(1.8.3) holds trivially for any C, so we can assume s > 0. Dividing by s,
(1.8.3) becomes

n
||ILL]-V1 + - +,UnVnH > C, Z’MH =1, (184)
k=1

with px = Ag/s.
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A Basic Norm inequality

Proof (continued).
Hence, we need to show

3 v ||N1V1+"’+/~ann” > C.
C>0  p1,..., un€lF
la|+-+unl=1

Suppose that this is false, i.e.,

v 3 pavi + -+ pnvall < C.
C>0 p1,...,un€F
|+ pnl=1

In particular, choosing C =1/m, m=1,2,3, ..., we can find a sequence of
vectors

ulm = ,ugm)vl +-+ ,ug,m)v,,

such that [Ju(™]| — 0 as m — oo and |M(1m)| +- 4 |M$,m)| =1 for all m.
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A Basic Norm inequality

Proof (continued).
Hence, for each k=1, ..., n, |u§(m)| < 1 and so each coefficient sequence
(ug(m)) is bounded. Write

= (g™, ™)

By the Theorem of Bolzano WeierstraB in R”, there exists a subequence of
vectors (1{™));cp that converges to some o = (ay, ..., ) € R™. This
corresponds to a subsequence u(™) of u(™ such that

u(mf)ﬁ—oo>oz1v1+~'+anvn =u  with |ai|+ -+ |as = 1.

Since the vectors vy, ..., v, are independent and not all ay vanish, it
follows that u # 0.
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A Basic Norm inequality

Proof (continued).
It is easy to see that u(™) — u as j — oo implies

um) | 2222 Jlu # 0.

But by our construction, ||u(™]|| — 0 as m — oo, so the subsequence
(Jlu{™]|) must also converge to zero. This gives a contradiction. O

We can now proceed to prove Theorem 1.8.3.
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Equivalence of Norms

Proof of Theorem 1.8.3.

Let V be a finite-dimensional vector space, || - || be any norm on V and
{v1,..., vn} a basis of V. Let v € V have the representation
v=MAwv+- 4+ Ayv, with A1,..., A\, € F. By the triangle inequality,

n n
VIl = 1Ave + -+ Avall < DNl < €D I
i=1 i=1

where C := Mmax ||vi|| depends only on the basis and not on v. We hence
I<n

see that for aﬁy_norm there are constants Cy, (5 > 0 such that

GY NIV G AL (1.8.5)
i=1 i=1
where the first inequality is just (1.8.3). Given two norms || || and | - |2,

it follows from their respective inequalities (1.8.5) that (1.8.1) holds. [
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Completeness of Finite-Dimensional Spaces
Another consequence of Lemma 1.8.7 is the following result:

1.8.8. Theorem. Any finite-dimensional normed vector space is complete.

Proof.
Let (V, - ]|) be a finite-dimensional normed vector space, dim V = n. Let
(v(™) be a Cauchy sequence in V and {b1, ..., b,} a basis of V. Then we

can write
n

y(m) — Z )\E(m)bk
k=1
and with the estimate (1.8.3) it is easy to see that for each k the
(

coordinate sequence ()\km)) is also Cauchy. Since the real and complex

numbers are complete, these sequences converge, say )\E(m) — Ak as
n— 0o.
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Closedness of Finite-Dimensional Subspaces

Proof (continued).
Set

]

vi= A by
k=1
Then it is easy to see that ||v(™ — v|| = 0 as n — oo, so the Cauchy
sequence (v{™) converges. O

1.8.9. Corollary. Any finite-dimensional subspace of a normed vector space
is closed.

Proof.

Suppose (V|| -]|) is a normed vector space and U a finite-dimensional
subspace. Suppose that (u,) is a sequence in U that converges to some

v € V. Then (uy,) is a Cauchy sequence in V (and in U). Since U is
finite-dimensional, by Theorem 1.8.8 U is complete, so v € U. But this
shows that U is closed in V. O
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Looking Back

We have seen that the choice of norm is arbitrary in finite-dimensional
spaces and that there are no open or dense finite-dimensional subspaces.
All such spaces are automatically complete, so the terms Hilbert space and
Banach space are not used in linear algebra, as there is no need to
distinguish complete spaces.

Moreover, the situation of the WeierstraB Approximation theorem in which
the infinite-dimensional space of continuous functions on an interval is the
closure of the (infinite-dimensional) subspace of polynomials can not occur
in linear algebra. The theory of infinite-dimensional spaces has turned out
to be much more complex than just the addition of “infinite bases” and
offers many more possibilities useful in applications.

In the following part we will study linear maps on infinite-dimensional
spaces. There, too, the theory turns out to be much richer than that of
linear maps between finite-dimensional spaces.
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Looking back: Finite-Dimensional Vector Spaces

First Midterm Exam

The preceding material completes the first third of the course material. It
encompasses everything that will be the subject of the First Midterm Exam.

The exam date will be announced on Canvas.

No calculators or other aids will be permitted during the exam.



JOINT INSTITUTE
RARERBREE

Slide 193 m A4

Part |l

Linear Maps
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Linear Functionals and Operators
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Linear Functionals and Operators

Linear Operators

In this part of the course, we will study linear maps between vector spaces.
We first fix some definitions:

2.1.1. Definition. Let U, V be vector spaces over F. Then a map
L:U—V
satisfying
Llau+ Bu') = aLlu+ BLU forallu, v’ € U, o, BEF

is called a linear operator, linear map or linear transformation from U
to V.
(i) If U=V we say that L is a linear operator on V.

(i) If V=F, Lis called a linear functional.
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Linear Functionals and Operators

Linear Operators

The range and kernel of L are defined by
ranL:={x € V: x = Lu for some u € U},
ker L :={ue U: Lu= 0},

respectively. (The kernel is also sometimes called the null space of L.) If
U C W is a subspace of W, then we say that U =: dom L is the domain
of L.

2.1.2. Examples.
(i) Let U=R". Then L(x1,...,Xxn) := x is a linear functional on R".
(i) Any m x n matrix is a linear map from R" to R™. For example,

123 X1 X1 -+ 2x3 4 3x3
: X2 | —
011 X2 + X3
X3

is a linear operator R3 — R2.
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Linear Operators
(i) Let U = 4(]0,1]) C C([0, 1]) be the space of polynomial functions
defined on the interval [0, 1] and
d

L=—:2([0.1]) - £(0.1]).

Then L is linear and we have

dom L =ranL = ([0, 1]),

kerL:{peﬁ’([O, 1): 3 Vv p(x):c}.
ccR x€[0,1]

(iv) Let U = C([0,1]) be the space of continuous functions defined on the
interval [0, 1] and

L:/O - C([0,1]) — C([0, 1)), f+—>/0 f(y)dy.
Then L is linear and

dom L = C([0,1]), ran L = C([0, 1]), ker L = {0}.
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(v) Let X be a normed vector space. Then the functional

L: X - R, Lu = |ul|

is not linear (since L(—u) = Lu # —Lu).
(vi) Let & be an inner product space and v € % be a fixed vector. Then
the map

L: %7 —F, Lu= (v, u) (2.1.1)

is a linear functional on %"

(vii) Let % be a complex inner product space and v € % be a fixed
vector. Then the functional

L. 7 — C, Lu=(u,v)

is not linear (since L(au) = @lu # alu).
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Left- and Right-Shift Operators

2.1.3. Example. We can define the following linear maps on U = (2, the
space of square-summable complex sequences:

» The left-shift operator L: (> — (2,
L(ao, a1, a2, ...) := (a1, a2, ...),
with
ran L = (2, ker L = {(a,) € £?: a, = 0 for n > 0}.
» The right-shift operator R: (?> — (2,
R(ao, a1, a2, ...) :== (0, ao, a1, a2, ...).
with

ran R = {(an) € £?: ap = 0}, ker L = {0}.
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Linear Functionals and Operators

Bounded Linear Operators

2.1.4. Definition. Let X, Y be normed vector spaces, 2 C X and
L: 2 — Y alinear operator. Then L is said to be bounded if there exists

a constant C > 0 such that

IILx|ly < C-|x|lx for all x € Q.

The smallest such constant is given by

L
1L = sup IEXlY (2.1.2)
xeX HXHX
x#0

and called the operator norm (or induced norm) of L.
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Bounded Linear Operators

2.1.5. Examples.
(i) The linear functional L: R" — R, L(x1, ..., xp) := xq satisfies

[Lx| = Pal < lix[l2

and hence is bounded with ||L|| < 1. Let xo =(1,0,...,0). Then

L L
e = sup 1205 1ol _y
cere X[ = Tholl2
x#0

so we see that ||L|| = 1.
(i) The linear functional (2.1.1) is bounded and has norm

1Ll = [lv]

where ||v||? = (v, v).
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Bounded Linear Operators

(iii) The integral operator in (C([0,1]), ]| - |lsc)

L:/OX: c([0,1]) — (0. 1)), fH/OX F(y) dy.

is bounded, since

Ifl = s | [ F)ay] <= sup [If(n)I ey
x€[0,1] xe[0,1] Jo

=/|f Jdy <1- sup [F()] = [IFlloe-

x€[0,1]

Hence, ||L|| < 1. To prove that ||L|| = 1, take the function
mo(x) = 1. Then
1£Flloo o [Emolloe

ILIl =
rec(on) Illoo ™ llmolloo

=1
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Bounded Linear Operators

(iv) The operator
d

L=—:4([0,1 £(10,1]).
5 20.1]) = #([0.1])
is not bounded with respect to the ||+ |oc norm: let m,(x) = x".
Then
[Mnlloc =1 but [Lmnlloe = n,

so it is impossible to find a constant C such that ||Lp|lcc < C||p|loo
for all p € 2([0, 1]).

(v) Both the left-shift and the right-shift operator introduced in Example
2.1.3 are bounded and have operator norm

1Ll = [IR[ = 1. (21.3)
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Continuous Linear Operators

The boundedness of linear operators is closely related to their continuity.
We first give the formal definition of the latter:

2.1.6. Definition. Let X, Y be Banach spaces, U C X a subspace and
L: U —Y a linear operator. We say that L is continuous at v € U if

v 3 ¥ lu=vilx <82 Lu— Lvlly <.
e>06>0velU

We say that L is continuous if L is continuous at every u € U.

2.1.7. Theorem. A linear operator L: U — Y is continuous at v € U if
and only if for any sequence (u,) in U,

Up — u = Lu, — Lu.

The proof of the theorem is completely analogous to the proof of the
corresponding theorem for real functions and will be omitted.
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Bounded Linear Operators

The continuity of linear operators is a crucial property for many
calculations; this will become evident in the next section.

It turns out that continuity is precisely equivalent to boundedness:

2.1.8. Theorem. Let X, Y be Banach spaces, U C X a subspace and
L: U —Y a linear operator. Then the following statements are equivalent:

(i) Lis bounded.
(i) L is continuous.

(iii) L is continuous at 0.

This is the main reason for our interest in bounded linear operators.
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Boundedness and Continuity

Proof.

» (i) = (ii) Assume that L: U — Y is linear and bounded. Then we
need to show that L is continuous. Let (u,) be a sequence in U
converging to u € U, i.e., ||lup — u||x — 0. Then

ILup = Lully = [[L(un — u)|ly < ILI}- lun = ullx = O.
—_———

—0

Thus u, — u implies Lu, — Lu, so L is continuous.

> (i) = (iii) Trivial.

» (iii) = (i) If L is continuous at 0 we know that for every £ > 0 there
exists a & > 0 such that

ullx <6 = [Lully <e. (2.1.4)

Suppose that L is also not bounded.
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Boundedness and Continuity

Proof (continued).
Then for every ¢ > 0 there exists a u € U such that

ILully > ¢ ||ul|x- (2.1.5)

Now fix £ > 0 and choose § > 0 so that (2.1.4) holds. Next, set ¢ = 4¢/J
and choose a u such that (2.1.5) holds. Set 7 := u-40/(2||ul|x). Then

~ u 9 J |lullx
||uux:] i) ULV PT
lullx  2]lx  2[lullx
and
~ 1 1) 6 1 0 1 A4e
||LUHY="‘LU = s Lully > 57— —llullx > 2e.
ullx 2 y  2]ullx 2lullx ¢

But this contradicts (2.1.4). O
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The Space of Bounded Linear Operators

2.1.9. Definition and Theorem. Let X, Y be vector spaces and 2 C X a
linear subspace. Then the set of all bounded linear operators,

L(2,Y):={L: 2 — Y: Lis linear and bounded},

is a vector space with pointwise addition and scalar multiplication.

If X, Y are Banach spaces, then (£(£2,Y),| -]|) is also a Banach space
with the operator norm (2.1.2).

We omit the proof of the above statements; it is easy to show that
Z(£2,Y) is a vector space and that the operator norm defines a norm; the
proof of completeness of the space is more complicated.
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Extension of Bounded Linear Operators

As we have seen in the previous examples, sometimes linear operators can
only immediately be defined on a subspace of a vector space that we are
interested in. For example, the differentiation operator

L= dii; 2([0,1]) — 2([0, 1]).

can not be defined on the entire space of continuous functions C([0, 1]).
The question we pose now is:

Can we define an operator L on all of C([0,1]) that coincides
with L on £([0, 1])?

The operator L is called an extension of L to C([0, 1]). More generally, we
want to extend an operator L from its domain U to the closure U of the
domain. If the domain is dense, that is the whole space.

Such an extension will exist (even uniquely!) if L is continuous.
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Extension of Bounded Linear Operators

2.1.10. B.L.T. Theorem. Let X, Y be Banach spaces and U a subspace of
X. Denote by U the closure of U. Let L: U — Y be a bounded linear
operator. Then there exists a unique extension L of L to a continuous
linear map

L:U=Y.

Before we prove the B.L.T. Theorem, we note that for unbounded
operators this is not possible. In fact, we even have the following theorem:

2.1.11. Theorem. Let X, Y be Banach spaces and U a subspace of X. Let
L: U — Y be an unbounded operator. Then there does not exist an
extension of L to the entire space U.

Hence, unbounded operators can never be defined on an entire Banach
space! In particular, the differentiation operator L can not be extended to

C([o, 1]).
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The B.L.T. Theorem

Proof of the B.L.T. Theorem.
The proof proceeds in various steps:

1. We first show that there exists an extension L of L to U. Let x € U.
Then there exists a sequence (x,), x, € U, such that x, — x. Since
(xn) converges, it is Cauchy. This means that

e>0NEN n,m>N

Since ||Lxy — Lxm|ly < |IL]| - |[Xn — Xm||x this implies

Vo3V xn = Lxmly < [IL]l - [IX0 = Xmllx <&,
e>0 NeN n,m>N

so the sequence (Lx,) is Cauchy in Y. Since Y is complete, the
sequence (Lx,) converges to some y € Y.
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The B.L.T. Theorem

Proof of the B.L.T. Theorem (continued).
We hence define

Lx := lim Lx, for x € U.
n—o0
We need to check that L is well-defined. This means that if there are
two sequences (x,) and (x,) that both converge to x, then we require
that

Lx = lim Lx, = lim Lx
n—o0 n—o0

We construct a sequence (xi, Xl,XQ,X2, ...). This sequence will
converge to x, so it is Cauchy and hence (Lxy, Lx], Lxo, Lx5, ...) is
Cauchy. Since Y is complete, (Lx1, Lx{, Lxo, Lx}, ...) converges. But
then any subsequence also converges to the same limit. Hence

lim Lx, = lim Lx
n—o0 n—o0
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The B.L.T. Theorem

Proof of the B.L.T. Theorem (continued).
2. We next show that L is bounded:

ILx|ly = || lim Lxy|ly = lim ||Lxa]ly
n—oo n—oo
< Tim L] xallx = [IL]|- | Tim ol x
= LI+ Ix]x

where we have used the continuity of || ||y and ||-|[x. In particular,
we see that ||L|| = ||L]|.

3. We now check that L is linear: let x,y € U with (x,) — x, (ya) — y-
Then

L(x+y)=(lim L(xp+yn)) = lim Lx,+ lim Ly, = Lx+ Ly.
n—o0 n—o00 n—o0

The homogeneity is shown similarly.
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The B.L.T. Theorem

Proof of the B.L.T. Theorem (continued).

4. Finally we check that L is a unique continuous extension of L. Let r
be some other continuous extension of L. Let x € U and (x,) — x
with x, € U. Then

'x :Z/( lim x,,) = lim z/x,, = lim Lx, = Lx. O
n—oo n—oo n—oo
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The Lebesgue Integral

2.1.12. Example. By construction (see Definition 1.6.4) the space of
square integrable functions L?([a, b]) is the completion of the space of
continuous functions C([a, b]) with respect to the norm

ull == (/ab|u(x)|2dx>l/2.

Here, the (Riemann-)integral is of course defined for all continuous
functions and

b
T: un—>/ u(x) dx

is a bounded linear map on C([a, b]) with respect to || - ||2 (prove this!).
The B.L.T. theorem now states that T can be extended to a bounded
linear map T on L2([a, b]). This map is just the Lebesgue integral alluded
to in Remark 1.6.5 ii).
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Matrix Elements and Hilbert-Schmidt Operators
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Riesz Representation Theorem

One of the most remarkable results about linear functionals on Hilbert
spaces is that they are essentially scalar products. More precisely, any
bounded linear functional can be written as a scalar product with a fixed
vector:

2.2.1. Riesz Representation Theorem. Let % be a (possibly
infinite-dimensional) Hilbert space and L: % — [ a bounded linear
functional. Then there exists a unique element v € % such that

Lu=(v,u) for all u e 7. (2.2.1)
Furthermore, the operator norm of L is equal to the norm of v,

1L} = lIv]lsr-
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Riesz Representation Theorem

Proof.

Let L be a given linear functional. If ker L = %, then Lu =0 for all u € &
and we can take v = 0. Suppose that ker L ;Cé % . Then by Theorem 1.5.5
there exists some vp € (ker L)* different from zero. After multiplying with
a suitable constant, we can ensure that ||vg|| = 1 and that Lvy € R. Then

for any u € %,
(Lu)vg — (Lvo)u € ker L,

so vo L (Lu)vp — (Lvo)u. Hence,
L(u)w—(Lvoxvo, uy =0.
=1
Since Lvp € R,
Lu = ((Lvo)vo, u) for any u € 7,

so we simply take v := (Lvp)vp.
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Matrix Elements and Hilbert-Schmidt Operators

Riesz Representation Theorem

Proof (continued).

We have established the existence of the representation (2.2.1); it remains
to show the uniqueness. Suppose that there are two vectors v, w € %~
such that

Lu=(v,u) = (w,u) forany u € &7
Then we have
(v—w,u)=0 for any u e %7

Taking u = v — w, we see that (v —w,v—w) = [[v—w|?=0,s0 v=w.

The proof that ||L|| = ||v||& is left to the reader. O
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Characterization of Functionals

A linear functional L: R" — R is completely determined by its action on
basis vectors: Let B = (b1, ..., b,) be a basis of R” and x € R" given by

X = i )\,’b,‘
i=1

for some A1, ..., A\p € R. Then

[x = L(zn: )\,-b,-) - zn: \iLb;.
i=1 i=1

Hence, if we know the values of Lby, ..., Lb, the value of Lx can be
immediately calculated. Of course, here any finite-dimensional Hilbert
space can be substituted for R” and this remains true.

Given a basis 8 = (by, ..., by) in a finite-dimensional space %/, any n
numbers vy, ..., v, uniquely determine a linear functional L through

Lb; := v, i=1,..,n.
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Characterization of Functionals

In the infinite-dimensional case the situation is more complicated: suppose
x € % and (bn)nen is a basis of 7, so x = 72, Ajb;. Then the equality

Lx = L(i /\,-b,-) = L(JL”SO Z A,-b,-) = lim_ L(Z Aibi)
i=1 i=1 i=1

= nlrgozn: AiLb; = io: AiLb;
i=1 i=1

requires the continuity (boundedness) of L. Hence, only bounded linear
maps are defined by their action on basis elements.
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Dual Basis

We know that if (ep)nen is an orthonormal basis in an infinite-dimensional
Hilbert space %7, every x € % has a representation

oo

X = Z(en, X)e€n.

n=0

If an oblique (non-orthonormal) basis 8 = (bp)aen is given in %, we seek
to find an analogous formula for the coefficients A, in

o0
x =Y Anbn.
n=0
For any n € N define the linear functional L,: % — [ by

Lox = Ap for any x € %, where x = Z Anbp.
n=0
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Dual Basis

It is clear that L, is properly defined for all x € % and that L, is linear. In

particular,
1 n=m,
Lobm = Onm = {0 n=# m.

By the Riesz representation theorem, we can find a unique vector b} € %
such that
L,x = (b}, x).

We hence obtain a system of vectors B* := (b};),en Which we call the
dual basis to $. Of course, the dual basis can be defined in the same way
in the finite-dimensional case.

2.2.2. Remark. If & is an orthonormal basis, 8* = 4.
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Dual Basis

Using the dual basis, we then see that any vector x € % can be written as

x =Y (b}, x)bn.

n=0

2.2.3. Example. Let # = R?, by = (}), bo = (3), and B = (b1, bp). Then
the dual basis is given by

. 2 « (-1
= (%) 5= (1)
Furthermore, if x = ( ) then

X1
X2

X = (6L X+ (53,3002 = (23 = ) (1) + G =) ()
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Matrix Elements

We can generalize the preceding discussion of functionals to operators. Let
S is finite-dimensional and L: % — % a linear operator. Then L is
determined completely by its action on a basis 8 = (by, ..., bs) as follows:
Suppose that u € % is given by u = 27:1 Aibj, M, ... \p € F. Then

Lu= z”: AiLb;
i=1

so knowing Lb;, i =1, ..., n, allows us to obtain Lu immediately. Since &
is a basis, we can write

n

Lbj = (b}, Lbj)b;
i=1

where (b7, ..., b};) is the dual basis to 8.
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Matrix Elements and Matrices

The n? numbers
ay = (b}, Lbj) € F =1 ...n

determine L completely. These a;; € F are called the matrix elements of
L with respect to the basis £. We will usually write the a;; in the form of
an array, as

aill dln
= (aij)i,jzl ..... n (222)
anl ... ann
The array (2.2.2) is said to be the matrix representation of L with

respect to the basis &, or the simply the matrix of L (with respect to
B).
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Matrix Elements

We can proceed similarly for bounded operators on infinite-dimensional
Hilbert spaces %" For simplicity, assume that & = (ep)nen is an
orthonormal basis in %". Let L be a bounded linear operator on % and
u =g Anen. Then, using the continuity of L,

Lu=>Xnlep. (2.2.3)
i=0

The vectors Le, can be expressed in terms of the basis %,

[e.9]

o
Le, = Z Amn€m = Z(em, Len)em.
m=0

m=0
and as before we call
amn = (em, Lep), m,ne N,

the matrix elements of L. Note that the boundedness (continuity) of L is
crucial for (2.2.3) to hold and the matrix elements to exist!
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Matrix Elements

2.2.4. Example. The space ¢2 introduced in Example 2.1.3 has a natural

scalar product given by
oo
(a,b) = Fnb,
n=0

for sequences a, b € /?. An orthonormal basis is given by the set
B = (en)nen, Where every e, is a sequence given by

e = (Snm)meny = (0,..0, 1,0,.), i=1,...n,

nth
entry

The left-shift operator L acts on a sequence b = (by)nen by
Lb = (bp+1)nen- Hence, the matrix elements of L are

aj = (ej, Lej) = (e, €j+1) = i jt1.
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Matrix Elements and Matrices

Conversely, any array (matrix) of n> numbers together with a basis &
defines a linear map L: R” — R". Unless stated otherwise, if we are simply
given a matrix in R"” we will assume that £ is the standard basis

(e1, ..., €n).

Matrices representing linear maps are studied extensively in linear algebra.
We will assume familiarity with basic matrix operations (multiplication,
inversion, transposition etc.) and instead investigate another question:

In what sense does an “infinite matrix" define a linear map?

More precisely, let us replace R” with 2 (so an “infinite vector” is just a
sequence of numbers and we have an analogous scalar product) and take
the orthonormal basis of vectors

e :=(0,...,0, %,0, L) e
J
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Hilbert-Schmidt Operators

If we are now given a set of numbers a;;, i,j € N, does

[o.¢]
Lej = Z ajj €
i=0
define a bounded linear map L: ¢? — ¢?? If x € £2, this would mean that

Lx = (Z aijxj, Zazjxj-, Za3jxj, ) (2.2.4)

We will see that a sufficient condition for L to be bounded is that
oo
> lajl? < . (2.2.5)
ij=0

Operators L: ¢? — (2 defined by (2.2.4) satisfying (2.2.5) are called
Hilbert-Schmidt operators on (2.
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Inverse and Adjoint of Bounded Linear Operators
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Adjoint of Bounded Operators

In this section we define two important operators: the adjoint and the
inverse.

2.3.1. Definition and Theorem. Let % be a Hilbert space and L: % — %
a bounded linear operator. Then the (Hilbert space) adjoint of L, denoted
by L*, is a map

L —F
uniquely defined through the relation
(x, Ly) = (L*x, y) forall x,y € #". (2.3.1)
Furthermore, L* is bounded with

IIL]f = [IL7]]- (23.2)
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Adjoint of Bounded Operators

Proof.
We need to show that for any bounded operator L the adjoint L* exists, is
unique and has the same operator norm as L.

We may regard (x, L(-)) as a linear functional on %". By the Riesz
representation theorem, for any x € % we can find a zx € % such that

(x,Ly) = (z«, y) forally € 7.

The element z, naturally depends on x, and the dependence is linear: for
all x1,x,x € % and X\ € F,

(Zatxr Y) = (x4 x2, Ly) = (x1, Ly) + (x2, Ly) = (2, ¥) + (2, ¥)
= <ZX1 + ZX2v)/>v
(zxa ) = (A, Ly) = Xx, Ly) = Xz, y), = (Az, y).
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Adjoint of Bounded Operators

Proof (continued).
We hence define
L*x := z,

giving a well-defined linear map L* on %" (For every x € %, L*x exists
and is unique.) This shows the existence of the adjoint L*.

The uniqueness is easy to prove: suppose some other operator A on %~
satisfies (x, Ly) = (Ax,y) for all x,y € #. Then

(A=L%)x,y)=0 for all x,y € 7.

This implies (A — L*)x = 0 for all x € % and hence A = L*.



JOINT INSTITUTE

!
Inverse and Adjoint of Bounded Linear Operators Slide 235 m T | RABERFL

Adjoint of Bounded Operators

Proof (continued).
The Cauchy-Schwarz inequality yields

1112 = (L%, Lx) = (x, LX) < [l - [ILLx ] < [Ix L] - (1]

so we find
L[] < [[L][|x]]-

Hence L* is bounded and ||L*|| < ||L||. We note that

(Ly,x) = (x,Ly) = (L"x,y) = (y, L"x). (233)
Then, again applying the Cauchy-Schwarz inequality,
ILx||? = (Lx, Lx) = {x, L*Lx) < [|x[| - (| Lx]] < [Ix[IIL*] - )| Lx]

so [[Lx|| < [IL7[[[}x]l and (L[| < [[L*[|. Hence [|L*[ = [|L]] 0
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Properties of the Adjoint

2.3.2. Remarks.

(i) From (2.3.3) it follows that (L*)* = L, i.e., the adjoint of the adjoint
is again L, because

X, (L7)'y) = (L'x,y) = (x, Ly)
forall x,y € #.

(ii) (2.3.3) also implies that the matrix elements aj; of L* are given by

*

a; = (e, L"ej) = (Lei, €j) = (ej, Lej) = aj;,
where aj; are the matrix elements of L.

(iii) The definition of the adjoint of an unbounded operator is more
complicated, since the original operator is not defined on the whole

space (see Theorem 2.1.11) and one needs to ensure that (2.3.1)
holds on suitable domains. We will not go into details here.
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Self-Adjoint Operators

2.3.3. Definition. A bounded linear operator L: % — % such that L = L*
is called self-adjoint.

2.3.4. Example. Let L and R denote the left- and right-shift operators of
Example 2.1.3. Then

o)

(a, Lb) Z Lb,,_Za,, 1
= (Ra)mbm
m= m=0
= (Ra, b)

so L* = R. It follows from Remark 2.3.2 (i) that R* = [** = L.

Furthermore, (RL)* = L*R* = RL, so RL is self-adjoint. Of course, LR =1
is also self-adjoint.
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Unbounded Operators

The definition of the adjoint of an unbounded operator is more
complicated, since the original operator is not defined on the whole space
(see Theorem 2.1.11) and one needs to ensure that (2.3.1) holds on
suitable domains. In other words,

dom L # dom L* for general unbounded operators.

We will not go into the details of the construction of the adjoint of an
unbounded operator. However, we note that if

(u,Lv) = (Lu, v) for all u,v € dom L

then an unbounded operator L is said to be symmetric (but not
self-adjoint). Of course, a bounded, self-adjoint operator will also be
symmetric.
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Range-Kernel Decomposition

2.3.5. Lemma. Let L be a bounded linear operator defined in a Hilbert

space 7. Then
(ran L)+ = ker L*.

Proof.
Let x € (ran L), Then for all y € %,

0={x Ly) =(L"xy).

Since this holds for all y € %/, let y = L*x. Then ||L*x||> =0, so L*x =0
and so x € ker L*. This shows (ran L)* C ker L*. The proof that
ker L* C (ran L) is similar. O

We can therefore write % = ran L @ ker L*. This is known as the
range-kernel decomposition of % .
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Inversion of Linear Operators

The central problem of (linear) operator theory is the finding of solutions of
Lu=v, (2.3.4)

where L: U — V is a linear map between vector spaces U and V, v € V' is
given and u € U is sought.

» If U=R", V=R™ and L is a matrix, (2.3.4) describes a system of m
algebraic equations in n unknowns.

» If L is a (partial or ordinary) differential operator between spaces of
functions U and V, (2.3.4) is a (partial or ordinary) differential
equation.

» If L is an integral operator between spaces of functions U and V/,
(2.3.4) is an integral equation.

There are two main concerns in the analysis of (2.3.4):

(i) What is the range of L?

(i) Is L bijective onto its range?
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The Inverse of a Linear Operator

Throughout this section, we assume that X is a Banach space, U C X a
subspace and that
L:U—=UcX

is a linear operator on X with domain dom L = U and range ran L = U'.

2.3.6. Definition. An operator L=1: U’ — U satisfying
LYLlu)=u

for all u € U is said to be an inverse of L.

Note that the inverse of L, if it exists, is unique. The following result,
known from linear algebra, is proved in exactly the same way for general
linear operators:

2.3.7. Lemma. The inverse of L exists if and only if ker L = {0}.
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The Inverse of a Linear Operator
Two peculiarities for operators in infinite-dimensional spaces that should be
noted:

» If L is bounded, then L1 may be bounded or unbounded.

» if L is invertible with inverse L, it may happen that L=! is not
invertible at all.

2.3.8. Example. Consider the operator

1
. )2 2
L: 62— 22, (an)b—>(n+1an>.

Then L is bounded with [|L|| =1 but
L7t ranL — 2, (an) = ((n+1)ay).

is unbounded, since ||Le,|| = n+ 1 while ||e,|| = 1 for any basis sequence
en.
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The Inverse of a Linear Operator

2.3.9. Example. Let L and R be the left- and right-shift operators of
Example 2.1.3. Then

RIRu=LRu=u for all u € /2

but, in general,
RLu # u.

In other words, R~! = L, but L~ doesn't exist.
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Existence of a Bounded Inverse
2.3.10. Definition. We say that L is bounded away from zero if there
exists a ¢ > 0 such that

|Lul| > c||ul| for all u e U. (2.3.5)

2.3.11. Theorem. The operator L has a bounded inverse if and only if L is
bounded away from zero.

Proof.

If L is bounded away from zero, have |[Lu|| > 0 for all u # 0, so

ker L = {0} and L is invertible. If Lu = v we have u = L=!v and hence
|[Lul| > c||u|| implies

_ 1
Il < 2 vl (236)

so L™1 is bounded. A similar argument shows that if L=! exists and is
bounded, satisfying (2.3.6), then (2.3.5) holds. O
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The Range of an Operator

By definition, (2.3.4) has at least one solution v if and only if v € ran L.
Therefore, it is important to characterize the range. However, in many
applications it is easier to determine the closure ran L instead of the actual
range. Either ranL = X, orranL C X. In the latter case, there exist

. —F1 .
elements in the orthogonal complement ran L™ (which are then also
orthogonal to ran L).

Since often both ran L and X are infinite-dimensional, we may be
interested in the dimension of the orthogonal complement of the range, the
codimension of ran L, which we denote by

codimran L := dim(ran L)+
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The State of an Operator

We are now able to give a basic classification of linear operator L:
| L has a bounded inverse.
Il L has an inverse, but L=! is unbounded.
[l L has no inverse.

In addition, we differentiate between two cases for the closure of the range:

lranLl=X
2 ranL#X
We will also sometimes add the subscript ¢ to the arabic numeral to

indicate that the range of L is closed and the subscript n to indicate the
range is not closed.

2.3.12. Remark. Operators in the state (l,1.) are often called regular
operators.



( OINT INSTITUTE
Inverse and Adjoint of Bounded Linear Operators Slide 247 & RAREEBRPL

The State of an Operator

2.3.13. Examples.

(i) The left-shift operator L introduced in Example 2.1.3 has a non-trivial
kernel and hence is not invertible. Its range is all of ¢2, so L is of type
(H1,1e).

(i) The right-shift operator R has trivial kernel, so R~! exists. The
inverse is just the left-shift, so R~1 = L is bounded. Furthermore, the
range of R is closed (why?) and a strict subset of /2, so R is of type
(1.20).

(iii) The operator L of Example 2.3.8 has an unbounded inverse and its
range is given by

ran L = {(x,,) €02 i(n+ 1)2|x,]? < oo}

n=0

Since the basis sequences e, are all in ran L, it follows that
ran L = (2, so L is of type (1,1,).



OINT INSTITUTE
RARERBREE

Inverse and Adjoint of Bounded Linear Operators Slide 248 K=
The State of an Operator

(iv) Consider an n x n matrix A as a map from R” to itself (or
alternatively on any finite-dimensional Hilbert space). Then
» det A= 0 and A is invertible. In that case, the inverse exists and is
bounded automatically. Moreover, ran A = R" so A is of type (I, 1.).
» If det A =0, then A is not invertible and its range is a strict subspace
of R". Hence, A is of type (lI1,2.).
In finite-dimensional vector spaces only these two types of operators
occur.
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The Resolvent of a Bounded Operator

Throughout this section, we assume T to be a bounded operator on a
separable Hilbert space % with domain dom T = %"

Let /: %7 — 97 denote the unit operator. Then for any A € C, we define
Ty:=T-—\l.

The domain of T, is of course &, but the range will in general depend on
A. We remark that the adjoint

Ty :=T"— Al
is also defined on %". The inverse
RA(T) =T ' =(T-A)"!

is called the resolvent of T.
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2.4.1. Definition. The resolvent set o(T) of T is defined as the set of all
complex numbers A for which Ty has a bounded inverse and ran T = %,
i.e.,
o(T):={AeC: T — Al isinstate (I,1c)}.
The spectrum o(T) of T is defined as the complement of the resolvent
set, i.e.,
o(T):=C\ o(T).

We will not prove the following result:

2.4.2. Proposition. The resolvent set is an open subset of C and hence the
spectrum is closed.

There are several competing approaches to characterizing the spectrum.
All of these have advantages and disadvantages; our approach is not the
most common, but is very well suited for the present discussion. Its
disadvantage lies in not separating the spectrum into disjoint parts.
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Division of the Spectrum

2.4.3. Definition. Let A € o(T).
(i) Suppose that T — Al is in state Il (R\(T) does not exist). Then we
say that \ belongs to the point spectrum. By Lemma 2.3.7,

Tu= A\u

has a non-trivial solution, i.e., X is an eigenvalue of T.

(i) Suppose that T — Al is in state Il (Ry(T) exists but is unbounded).
Then we say that A belongs to the continuous spectrum.

(iii) Suppose that T — A/ is in state 2 (ran(T — Al) # ). Then we say
that A\ belongs to the compression spectrum. The range has been
compressed and we define the deficiency of X\ as

def A :=codimran T — \/.

The union of the point spectrum and the continuous spectrum is called the
approximate point spectrum.
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Division of the Spectrum

@n

The Venn diagram shows the dif-
ferent possible states of an oper-
ator. When applied to T — M/,
the left circle refers to the approxi-
mate point spectrum, the right cir-
(L 1) (I, 2) cle refers to the compression spec-
trum and the region outside the
circles represents the resolvent set.

We will often denote the point, continuous and compression spectra of T
by

Upoint(T): Ucontinuous(T) and Ucompression( T),

respectively.
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Point and Compression Spectrum

2.4.4. Lemma. A number A € C is in the compression spectrum of T if
and only if A is in the point spectrum of T*.

Proof.
The proof is based on Lemma 2.3.5:

A€ Ucompression( T) = m ; A

& Jue(ran(T =)t
u#0
< J u€ker(T=A)"
u#0
& 3 T*u=\u
u#£0
& A€ opoint(T) O
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Spectrum of the Left- and Right- Shift Operators

2.4.5. Example. Consider the left- and right-shift operators on ¢2
introduced in Example 2.1.3. Since L* = R and R* = L, it is convenient to
discuss both at the same time.

Consider first a complex number A with |A| > 1 and the right-shift
operator R. Then, for a € 2,

IRa — Xal| > [[[Aall — [[Rall| = (|]A] = 1)]lall,
and R — Al is bounded away from zero. By Theorem 2.3.11, R — A/ then
has a bounded inverse and hence is of type I.

A similar argument for the left-shift operator L shows that L — A/ is in
state | if [A| > 1.
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The Resolvent Set

We now show that in fact R — Al and L — A/ are in state (/, 1.) if [A| > 1.
We will show that the range of R — A/ is /2. Let (a,) € ¢ and consider a
sequence (by,) such that (a,) = (R — A\)(by), i.e,

(a0, a1, a2, ...) = (R — M)(bo, by, b2, ...)
= (=Abo, by — Aby, by — by, ...)

Hence a pre-image for (ap) is found recursively from

ao bo — a1 by — a>
0 1 1 P bo P
An explicit formula is
1 z dag
b, =——
by )\nfk
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The Resolvent Set
We still need to show that (b,) € £2. For this, note that

(50) =~ (an)+ (5 )

where * denotes the convolution of sequences. Then by Young's
convolution inequality,

(ol < 3G+ | (55)]

Since the £1-norm of (1/A") is just a geometric series and |A| > 1, we have
[1(an)l2

Al =1

so that (b,) € £?. Hence, a pre-image exists for any a € /2 and

ran(R — \l) = /2.

A similar discussion shows that ran(L — A/) = £2. It follows that both
R — Al and L — Xl are in state (/, 1.).

1(a)ll2 <
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The Point Spectrum
The eigenvalue equation for the left-shift operator is
L(ao, ai, az, ) = (al, an, ) = )\(ao, di, a2, )

We obtain a3 = A\ag, a» = A\a; = A\2ap etc., so A is an eigenvalue with
eigenvector ey if

en= (LA N3 ).

oo
Now ey € £2 if and only if > |\"|? < co which is the case if and only if
n=0
|A| < 1. We see that the point spectrum of L is given by

opoint(L) = {X € C: |A] < 1}
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The Point and the Compression Spectrum

The eigenvalue equation for the right-shift operator is
R(ao, ai, az, ) = (0, do, d1, 42, ) = /\(ag, dai, a2, )

Suppose A = 0. Then all ax = 0, so there is no eigenvector. If A # 0, we
obtain Aag = 0, so ag = 0, Aa; = ag = 0 etc. Hence the right-shift
operator does not have any eigenvalues and the point spectrum of R is
given by

Upoint(R) = 0.

It follows from Lemma 2.4.4 that
Ucompression(L) = 0.

and
Ucompression(R) = {)\ eC: ’)\’ < 1}.
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The Continuous Spectrum

Since the spectrum is closed, the circle [A\| = 1 must be in the spectrum.
Since it can not lie in the compression or point spectra, it must lie in the
continuous spectrum. It follows that

Ucontinuous(L) = {)\ e C: |/\| = 1}

The continuous spectrum of R must also contain all A with |A] = 1.
However, it might also overlap with the (non-empty) compression spectrum
of R. Now, for |A] < 1 we have

IRa — Xall > [|[Rall — [IAall| = (1 — [AD]lal,

so R — Al is bounded way from zero and hence has a bounded inverse. It
follows that A\ can not be part of the approximate point spectrum if
|A| < 1. We deduce

Ucontinuous(R) = {)\ e C: ‘)\‘ = 1}.
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Approximate Point Spectrum

2.4.6. Lemma. A number \ € C is in the approximate point spectrum of
T if and only if there exists a sequence (up) in dom T such that ||u,|| =1
and (T — AM)u, — 0.

Proof.

(<) Suppose that there exists a sequence (uj,) such that ||u,|| =1 and
(T —AM)up — 0. Then Ty can not be bounded away from zero and
by Theorem 2.3.11 can not have a bounded inverse. Hence (T — /)
is in state Il or Il and A belongs to the approximate point spectrum.
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Approximate Point Spectrum

Proof (continued).

(=) Suppose that X € opeint(T). Then (T — Al)u = 0 for some u € %,
i.e., there exists an eigenvector u to A. It is sufficient to take the
constant sequence given by u, = u/||ull.

Suppose that A € ocontinuous( 7). Then R\(T) exists but is
unbounded. By Theorem 2.3.11, (T — A/) is not bounded away from
zero, so for any ¢ € R there exists some v, € % such that

= (g )] <

It follows that the sequence of elements uj, := vy /,/||v1/,]| satisfies
the requirements. I
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Spectrum of Self-Adjoint Operators

2.4.7. Theorem. Let T be a bounded, self-adjoint operator. Then
o(T)CRand

Ucompression(T) = Upoint(T)- (241)

Proof.
We will prove that all parts of the spectrum are real by considering the
point, continuous and compression spectrum separately.

First note that if T is self-adjoint, then
(u, Tu) = (Tu, u) = (u, Tu)
so (u, Tu) is real. Now suppose that A € C is in the point spectrum. Then
Tu = Au for some u # 0, so
Mul|?= Mu, u) = (u, Tu) € R

Since ||u||? is real, A € R and opoint(T) C R.
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Spectrum of Self-Adjoint Operators

Proof (continued).
Now let A =&+ in, £, n € R, lie in the continuous spectrum. Suppose that
n # 0. Then

I(T = AN)ul? = (| Tu — €ul® + 72 |ul]® = 7| ull?,

so Ty is bounded away from zero and hence has a bounded inverse. But
then A can not lie in the continuous spectrum, so we conclude n = 0 and
Ucontinuous(T) CcR.

If X is in the compression spectrum, then by Lemma 2.4.4 X lies in the
point spectrum of T* = T. But this implies that A € R and hence A € R.
The entire spectrum is therefore real.

Equation (2.4.1) then follows from Lemma 2.4.4. O
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Eigenpairs and a Bound on the Spectrum

We are interested in finding bounds for the spectrum ¢(T) C C of a
bounded operator T. Suppose that for some A € C and some u € % we
have

Tu = Au.
We then say that (u, A) is an eigenpair. Taking the norm of the above
expression and also the inner product with v,

|7l (4, Tu)
A = , A= . 242
A= Jul? (242)
If (u, \) is an eigenpair, by (2.4.2),
IVl _ 17wl
171 = sup — A,
AT

so the norm of T is a bound for all eigenvalues. This can be generalized to
the complete spectrum.
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A Bound on the Spectrum

2.4.8. Proposition. Let T be a bounded linear operator on %7". If
A€ o(T), then |A] < || T

Proof.
We have already proved the theorem if A is in the point spectrum (i.e., an
eigenvalue). If A is in the compression spectrum, then A is an eigenvalue of
T* and

Al =A< [T =171

by Lemma 2.4.4 and (2.3.2). If A is in the continuous spectrum, by Lemma
2.4.6 there exists a sequence (up), ||ua|| = 1, such that (T — A)u, — 0. In
other words, w, := Tu, — Au, — 0. Then

Al = 1 Tun = wall < [ Tun|| + [[wall < [IT]] + [lwall

Since w, — 0, we obtain |A| < || T]|. O
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A Bound on the Spectrum

2.4.9. Example. For the left- and right-shift operators in £ we have seen in
Example 2.4.5 that |\| <1 for all X in their spectra.

Together with the fact they are bounded with unit operator norm (see
(2.1.3)), Proposition 2.4.8 is confirmed.

In practice, finding the norm of an operator can be quite difficult and it is
useful to consider a substitute, the so-called Rayleigh quotient. The
Rayleigh quotient also has the advantage of giving lower or upper bounds
for eigenvalues if the operators are semi-bounded (see next section).
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Eigenpair and Rayleigh Quotient

For any arbitrary non-zero vector v € &% we define the Rayleigh quotient

R(v) = TV (2.4.3)
v
If v = uis an eigenvector with eigenvalue A, then (2.4.2) gives R(u) = A.
Furthermore, we define

v, Tv
Mr = sup|R()] = sup Tl up (v, 7))
VEF vear V]| veF
v£0 v£0 [lv]=1

(why is M7 finite?). Then, again by applying (2.4.2), we have
Mz > |A].

Hence, M7 also gives a bound for the eigenvalues.
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Bounded Operators

2.4.10. Remark. We note that by the Cauchy-Schwarz inequality,

v, Tv Tv
= sup KTV IV
vear IVl ver |IVI|
v#0 v#£0

2.4.11. Theorem. If T is bounded and self-adjoint, then

v, Tv
7] = sup LT
veH HVH
v#0

Before we prove Theorem 2.4.11, we recall the parallelogram law for a
norm induced by an inner product:

v+ wll? + [lv = wll* < 2(|Iv[* + [[w]®). v.w e
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Bounded Operators

Proof of Theorem 2.4.11.
Since Mt < || T||, we just need to verify Mt > || T||. Since T is
self-adjoint, R(v) is real for any v € % and hence

—Mr < R(v) < My forany v € #.
Take any v, w € %" Then
(v4+w, T(v+w)) <Mr-|v+ W||2,
(v—w, T(v—w))>—-Mr-|v-— WHZ.

From these equations it follows that

JOINT INSTITUTE
RARERBREE

2((v, Tw) +{(w, Tv)) =(v+w, T(v+w)) — (v—w, T(v — w))

< Mr(llv+wl® + [lv — wlf?)
< 2Mr(|Iv]® + [lwl?).

(2.4.4)
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Bounded Operators

Proof of Theorem 2.4.11 (continued).
Suppose that v # 0 and set

vl
w = Tv.
| Tv|l

Then (2.4.4) becomes

vl
W((v TTv) + (Tv, Tv)) < 2Mr|v|?

or, using the self-adjointness of T,
[ Tv]l < Mr]lv].

Hence || T|| < Mt and the proof is complete. O
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Bounds on the Rayleigh Quotient

2.4.12. Definition. Let T be a symmetric linear operator on a Hilbert space
. Then we define the upper and lower Rayleigh bounds

. .. (v, Tv)
T veé';lérgr (V)= inf S0
v, T) (2.4.5)
Ur:= sup R(v)= sup ",
vedom T veH HVH

v#0
if they exist.
2.4.13. Remark. If T is bounded, both L+ and Ry exist and

Mt = || T|| = max{|L7|, |Ur|} = max{—L7, UT}.



The Spectrum

OINT INSTITUTE
RARERBREE

Slide 273 m ‘

Positive Operators

2.4.14. Definition. A (bounded or unbounded) operator T on a Hilbert
space % is said to be positive if

(x, Tx) >0 for all x € dom T.

2.4.15. Remark. In a complex Hilbert space, a bounded positive operator
must be self-adjoint, for (x, Tx) > 0 implies (x, Tx) € R and hence

(Tx, x) = (x, Tx) = (x, Tx) for all x € 7.

Then the polarisation identity implies (Tx, y) = (x, Ty) for all x,y € #..

In a real Hilbert space this is not true, since knowing (x, Tx) for all x € %
does not yield (x, Ty) for all x,y € #".



OINT INSTITUTE
RARERBREE

The Spectrum Slide 274 I

Bounds on the Rayleigh Quotient

2.4.16. Theorem. Let T be a self-adjoint, bounded operator. Then Lt and
Ut are in the approximate point spectrum.

Proof.

We show that Ut belongs to the approximate point spectrum. By Lemma
2.4.6, we need to give a sequence (up) of unit elements so that

Tu, — Uru, — 0. From the definition of Ut there exists a sequence (uj,)
of unit elements such that (u,, Tu,) — Ur.

Suppose that T is positive. Then Ur = || T|| and

| Tun — Urug|? = || Tun|[? — 2U7 (un, Tun) + U%
< || TII? = 2U7(up, Tun) + U%

n—oo

=2U3% — 2U7{(up, Tu,) == 0.
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Bounds on the Rayleigh Quotient

Proof (continued).
If T is not positive, we can find some A € Rsuchthat S=T + A\l is

positive. Then Us = Ut + X and the sequence (up,) such that
(up, Tup) — Ut also satisfies (up, Sup) — Us. By our previous calculation,

we see that
Sup — (Ut + N)up — 0,

i.e., Tu, — Utu, — 0, completing the proof. The argument for Lt is
analogous. 0
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Compact Operators

In the previous section, we have seen that even self-adjoint, bounded
operators T are not sufficiently “nice” to ensure, for example, that the
bounds on the Rayleigh quotient are eigenvalues. It turns out that
properties of this quality are present in an important sub-class of the
bounded operators, the compact operators. (These are often denoted with
the letter “K", from the german kompakt.)

2.5.1. Definition. Let % be a Hilbert space and K a linear operator on %"
Then K is said to be a compact operator if for every bounded sequence
(un) the sequence (Ku,) has a convergent subsequence.

2.5.2. Remark. A compact operator is bounded: if K is an unbounded
operator, the exists a sequence (up,) of unit elements such that

||Kup|| — oo. We can choose the sequence so that ||Ku,11]| > ||Kup| and
then it is impossible for the sequence to have a convergent subsequence.
Hence, unbounded operators can not be compact.
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Compact Operators

2.5.3. Examples.

(i) In R", any bounded sequence has a convergent subsequence (this is
the Theorem of Bolzano-Weierstrass 1.8.6). Since any bounded
operator will transform a bounded a sequence into a bounded
sequence, the latter of which then also has a convergent subsequence,
it follows that every bounded operator on R” is compact. Since every
linear operator on finite-dimensional spaces is bounded, it actually
follows that every linear operator on R" is compact.

(ii) The above can be extended to operators whose range is
finite-dimensional (these are called finite-rank operators). Every
finite-rank operator is compact.

(iii) Hilbert-Schmidt operators are compact, as we shall see.
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Limits of Compact Operators

2.5.4. Theorem. Let (K,) be a sequence of compact operators on & that
converges to an operator T in norm, i.e.,

lim ||K, — T =0.
n—oo
Then T is compact.

Proof.
Let (u,) be a bounded sequence. We will show that there is a subsequence
(vn) of (up) such that (Tv,) converges. Since Ki is compact, there exists a

subsequence (u,(,l)) such that (Klu,(,l)) converges. Since K> is compact,

there exists a subsequence (u£2)) of (u,(,l)) such that (Kzu,(f)) converges.

(Of course, (Klu,(,z)) still converges as well.) Proceeding iteratively, we can

find a subsequence (u,(,m)) of (u,(,m_l)) such that (Kmu,(,m)) converges. We

now define the sequence (v,) by v, := u,(,"), i.e., we take the nth term of

the nth iterative subsequence of (u,) constructed above.
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Proof (continued).
Then for any m € N, (K,v,) converges. Furthermore, for any m, n, k € N,

| Tven — TVm|| < || Tva — Kicval| + | KV — KiVim|| + || Kikvim — Tvi||
< IT = Kill(Ilvell + [Ivall) + [[Kivi — KicVim|l-

Since (vj) is a subsequence of (up), it is also bounded and we can find a
¢ > 0 such that ||vm|| + ||va|| < c. By choosing k sufficiently large, we
ensure that || T — K|| < &/(2c). We then choose m, n large enough so
that ||Kkvn — Kkvim|| < €/2. Then

g IS
||TVn—TVmH§§+§<E

for m, n sufficiently large. Hence (Tv,) is a Cauchy sequence and
converges, because %7 is complete. O
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Hilbert-Schmidt Operators

2.5.5. Example. A Hilbert-Schmidt operator on L?([a, b]) has the form

b
(Ku)(x) = / k(x,y)uly) dy,

where the kernel k satisfies fab fab|k(x,y)\2 dx dy =1 M? < co. We will
show that such an operator is always compact.

For simplicity, we consider [a, b] = [0, 1]. Then

11
/ / |k(x, y)|? dx dy < oo
o Jo

means that k € L([0, 1] x [0,1]), a generalization of the L? space (1.6.3)
to functions of two variables.
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It can be shown that the functions

{e2rri(mx+ny)} oz
m,n

are an orthonormal basis of this space with respect to the scalar product

v(x,y)dxdy.

We can hence expand k(x, y) into a “two-dimensional” Fourier series,

writing
c e27ri(mx+ny)
E mn

m,neZ

where ¢, = (e2mi(mxtny) )
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Define

b
(Knu)(x) == / kn(x. y)u(y) d,

where
N

kN(X,)/) = Z Cmne27ri(mx+ny)
m,n=—N
is the Fourier approximation to k(x, y). Then Ky is a finite-rank operator
and therefore compact. Furthermore,

2

1
IKu(x) — Kyu(x) 2 = /0 (k(x,y) — knx, y))uly) dy

1 1
< [ 1K)~ kntx )P oy [ lutnP oy
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so that

1
I(K — Kn)ula = /0 Ku(x) — Knu(x)[2 dx

1 1
2
< /0 /0 Ik(x,y) — k()| dy d - ula

and hence

1K — K|l < (/Olfolik(x,y)—kN(x,y)»Qdydx)l/Q.

Since kpy is just the partial sum of the series expansion of k,

1K — Knll == 0.

Hence, K is the limit of finite-rank operators and therefore compact.
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Inverse of Compact Operators

Compact operators are “convergence-inducing” in that they transform a
sequence that is merely bounded into a sequence with a convergent
subsequence. Of course, the inverse of a compact operator then has the
opposite effect and is thus not a very well-behaved object.

2.5.6. Theorem. If K is a compact operator on %" and (e,) an infinite

orthonormal sequence in %, then lim Ke, = 0.
n—oo

In particular, if K is invertible, then K1 is unbounded.

Proof.

Let (e,) be an orthonormal sequence and suppose that (Ke,) does not
converge to zero. Then there exists a subsequence (f,) of (e,) and some

e > 0 such that ||Kf,|| > € for all n. Since an orthonormal sequence is
bounded and K is compact, we can find a subsequence of (g,) of (#,) such
that (Kgn) converges to some u € %" Since ||Kg,|| > ¢ for all n, it follows
that |lu]| > e.



OINT INSTITUTE

Compact Operators Slide 286 & RARERFET

Inverse of Compact Operators

Proof (continued).
By the continuity of the inner product,

(Ken, u) = (, u) = [[u]? > 2.

However, by the Riemann-Lebesgue Lemma 1.3.23,

(Kgn, u) = (gn, K*u) === 0
since (gp) is a subsequence of an orthonormal system. This gives a
contradiction and establishes the first part of the theorem.

Furthermore, since Ke, — 0 for an orthonormal system, we see that K is
not bounded away from zero, so if K is invertible, the inverse can not be
bounded. ]
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Inverse of Compact Operators
A typical example is the following:

2.5.7. Example. Let K be the operator on L2(]0, 1]) defined by

(Ku)(x) = /0 " uy) dy.

This is a Hilbert-Schmidt operator with kernel k(x,y) = H(x — y), where
H is the Heaviside function
1 >0
H(x) = { ="

0 x<0.

Hence, K is compact. The inverse of K is given by

d

Kt=—
dx’

which is an unbounded operator.
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PDEs and Separation of Variables

We now introduce an important application of our study of general linear
operators. The classical heat equation in n dimensions is

Q(X)c(x)augi_'t) = div(k(x) grad u(x, t)) + q(x, t), (2.6.1)
where
» u is the temperature at position x € 2 C R" and time t € R,
o is the density of the material,
c is the specific heat capacity,
k is the heat conduction coefficient and

v

vV vyy

q represents the heat source density.
(If k is a constant function of x, the term div(k grad u) reduces to kAu.)

One usually specifies boundary conditions for u on 9f2 and an initial
condition

u(x,0) = f(x). (2.6.2)
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PDEs and Separation of Variables

Let us simplify the notation and consider an equation of the form
du
ot

where L is a linear differential operator with respect to the x coordinates.
Furthermore, we consider the case where g vanishes identically, so the
equation is homogeneous,

+ Lu = q(x, t),

ou
5; T Lu=0. (2.6.3)

We make “separation of variables” ansatz by setting
u(x, t) = X(x)T(t)
for unknown functions X, T. Inserting into (2.6.3) yields
X
T X
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PDEs and Separation of Variables

Since the left-hand side is independent of t and the right-hand side is
independent of x, both sides must be constant, say equal to A € C. Hence
we need to solve the equations

T = AT, LX = AX. (2.6.4)

In addition, there are boundary conditions for X on 2.

Essentially, we need to solve the eigenvalue problem for the linear
differential operator L. The separation of variables approach will yield a
solution only if

» L has an eigenvalue.
It turns out that in many cases

» L has a countably infinite number of eigenvalues A\,, n € N, and
eigenfunctions X,.
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PDEs and Separation of Variables
The general solution of (2.6.3) is then

Z Mt (x), u, € C,

=0

providing that the series converges; this relies on the fact that
> \, — +00 as n — oo.

In order to satisfy the initial condition (2.6.2), we require

Zunn ) = f(x)

for suitable functions f. This is possible for any f € L2 if
» The set of eigenfunctions {X,} is a basis of a suitable L? space.
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Differential and Compact Operators

Our goal in this section is to lay the groundwork for analyzing differential
operators such as the L of (2.6.3). In particular, we would like to prove the
various properties of the eigenvalues and -functions of L that have been
mentioned on the preceding slides. The main result that makes this
possible will be the discovery that

» The resolvent of a differential operator such as L is in many cases a
compact operator and

» The eigenvalues and -functions of the resolvent are closely related to
the eigenvalues and -functions of L.

For this reason, we will first study the spectral theory of compact operators
in more detail.
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Existence of Eigenvalues

An important question for linear operators is the existence of eigenvalues;
in finite-dimensional, complex Hilbert spaces (essentially, in C"), the
existence of eigenvalues is guaranteed by the existence of (complex) zeroes
of the characteristic polynomial.

In the infinite-dimensional case, the situation is more complicated: a
bounded linear operator (such as the right-shift operator on ¢2 in Example
2.4.5) does not need to have any eigenvalues at all. However, self-adjoint,
compact operators always have eigenvalues, as we now show.

2.6.1. Theorem. Let K be a self-adjoint, compact operator on a Hilbert
space & Suppose A\ # 0 is in the approximate point spectrum of K. Then
A is an eigenvalue of K.
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Existence of Eigenvalues

Proof.
Let A € 0point(L) U Ocontinuous(L). Then there exists a sequence (u,) of unit
elements such that Ku, — Au, — 0. Since K is compact, a subsequence
(vn) of (un) will have the property that Kv, converges. Then (Av,)
converges since
A, = Kv, — Avp,+ Ky,
—— ~~

—0 converges

Since X\ # 0, this implies that (v,) converges to some unit element v.
Since K is continuous, v satisfies

Kv = K( lim v,,) = lim Kv, = lim Av, = A\v,

n—oo n—oo n—oo

so A is an eigenvalue with eigenvector v. O
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Existence of Eigenvalues

Hence, any compact, self-adjoint operator on a Hilbert space has
eigenvalues:

2.6.2. Corollary. Let K be a compact, self-adjoint operator on a Hilbert
space %7

(i) The Rayleigh bounds Uk and Ly are in the approximate point
spectrum by Theorem 2.4.16. If either is non-zero, it is an eigenvalue.

(i) If K is not the zero operator, then ||K|| or —|K]| is an eigenvalue. If
Ku =0 for all u € &, then A =0 is an eigenvalue.
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The Spectrum of Compact Operators
We now know a certain amount about the spectrum of self-adjoint,
compact operators:

(i) The point spectrum is non-empty (there exists an eigenvalue).

(i) The compression spectrum coincides with the point spectrum (by
self-adjointness; cf. Theorem 2.4.7).

(iii) A =0is in the spectrum (because Ky = K —0-/ = K can not have a
bounded inverse).

Moreover, Theorem 2.6.1 immediately implies the followinG::
2.6.3. Fredholm Alternative. Let K be a compact, self-adjoint operator on
a Hilbert space 7. Let A € C, A #0. Then

> either A € o(K)

> or A € opoint(K).
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The Fredholm Alternative

2.6.4. Remark. The Fredholm alternative is also true for non-self-adjoint
compact operators, but the proof is more complicated. For our purposes,
this simplified version is sufficient.

2.6.5. Remark. The Fredholm alternative can be rephrased as follows:
» Either the equation (K — A\)u = v has a unique solution u for any
given v
» or the equation (K — X\)u = 0 has a non-trivial solution u # 0.
This is similar to the situation for matrices, where
» either the equation Ax = y has a unique solution for any given y € R"
(if det A #0).

» or the equation Ax = 0 has a non-trivial solution (if det A = 0).
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The Spectral Theorem for Compact Operators

2.6.6. Spectral Theorem. Let K be a compact, self-adjoint operator on a
(separable) Hilbert space %" Then there exists an orthonormal basis (e,)
of % and numbers )\, € R such that Ke, = \,e,.

If % is infinite-dimensional, then the eigenvalues A\, can be arranged in a
monotonically decreasing sequence with |A,| N\, 0.

Proof.
In the trivial case K = 0, we have the eigenvalue A = 0 only and we can
take any orthonormal basis of %7

If K # 0, we have an eigenvalue A1) = +||K||. Let M; be the space
spanned by the eigenvectors for this A() (called the eigenspace for )\(1)).
The eigenspace M; must be finite-dimensional (why?). We choose an
orthonormal basis of My. If My = My = %, we are finished.
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The Spectral Theorem for Compact Operators

Proof (continued).

If My #£ 9, the orthogonal complement I\/llL contains a non-zero element.
Furthermore, since Ku € M for all u € My, we also have Kv € /\/IlL for all
v € Mi- (why?). It follows that

Ki = K|y : Mi — My

is a well-defined operator that remains self-adjoint and compact with
|K1]| < ||K]|. If ||K1]| = O, we take an arbitrary orthonormal basis in Mi-
for the eigenvalue A = 0 and we are finished.

If K1 # 0, there exists an eigenvalue A(2) = +||K;|| and we can repeat the
above argument, finding a space M, spanned by the eigenvectors of K to
the eigenvalue A(2). We then consider the orthogonal complement of M

within M- etc., etc.
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The Spectral Theorem for Compact Operators

Proof (continued).

We hence obtain a sequence of distinct eigenvalues with

IAND| > |A®)| > . If # is finite-dimensional, the iterative procedure
terminates when M;- = {0} for some n € N. The union of the orthonormal
bases in My, ..., M, then gives an orthonormal basis for % with the
required properties.

If % is infinite-dimensional, we obtain an infinite sequence of
finite-dimensional eigenspaces M,, and a decreasing sequence of eigenvalues
A > |A@)] > . and orthonormal eigenvectors. Let us denote the
sequence of eigenvectors by (ex) and the corresponding eigenvalues by Ag,
where we adjust the previous notation to allow Ay = \; for j # k if a given
eigenvalue has more than one independent eigenvector.
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The Spectral Theorem for Compact Operators

Proof (continued).

We claim that the sequence (\x) converges to zero, which we show as
follows: It is sufficient to establish that |\,| — 0 as n — oco. The sequence
(|An]) is decreasing and bounded below, so it converges. Suppose that
lim|As| = A. Then K applied to the sequence of (orthonormal)
eigenvectors gives

|Ken — Keml|? = | Anen — Amemll® = [Aal* + [Am|? > 2A.

If A >0, then it is impossible for the sequence (Ke,) to contain a
subsequence that is Cauchy (i.e., converges). But this contradicts the
compactness of K. Hence, A = 0.
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The Spectral Theorem for Compact Operators

Proof (continued).

Finally, we show that the sequence of eigenvectors (e,) is indeed a basis of
. Let M = span{e,} be the span of all eigenvectors of K. Then Ku e M
if ue M and Kv € M+ if v € ML, Now for every n € N, we have

M, C M, so M+ C M- (why?). It follows that

1K e | < 1K g | = [1Kall = [AHD] 2225 g,

This implies that K|yL =0, i.e., M+ = ker K. If M+ = {0}, we are
finished. If the kernel of K is non-trivial, A = 0 is an eigenvalue and an
orthonormal basis of M consists of eigenvectors to this eigenvalue.

This completes the proof of the theorem. O
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Principal Axis Transformation for Symmetric Matrices

As an example, consider a square n X n matrix A with real coefficients.
Then A: R” — R” is a compact operator and A is self-adjoint if A= AT

The spectral theorem then states that there exist n orthonormal
eigenvectors vy, ..., v, with corresponding eigenvalues A1, ..., Ap.

These eigenvectors are an orthonormal basis of R". If U = (v1, ..., v,) is
the n x n matrix whose columns are these eigenvectors, then

UAU™Y = diag(\1, ..., \n)

is “the matrix representation of A in the basis of eigenvectors”. (Here the
right-hand side denotes a matrix which is zero everywhere except on the
diagonal, where it has the entries A1, ..., A,.) This is just the principal axis
transformation familiar from linear algebra.
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Spectral Decomposition of Compact Operators

2.6.7. Corollary. Let K be a compact, self-adjoint operator on %" and (e)
an orthonormal basis of eigenvectors of K. Then

Ku = Z An{en, U)en forall ue % (2.6.5)

This follows simply from u = )" (e, u)e, and the continuity of K.

2.6.8. Example. If A € Mat(n x n; C) is self-adjoint with eigenvalues
A1, ..., An € R and orthonormal eigenvectors ey, ..., e,, then

Ax = UT diag(\1, ..., An) Ux.

where diag(A1, ..., An) is the n X n matrix with the eigenvalues on the
diagonal and all other entries vanishing.
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Second Midterm Exam

The preceding material completes the second third of the course material.
It encompasses everything that will be the subject of the Second Midterm
Exam.

The exact exam date will be announced on SAKAL.

No calculators or other aids will be permitted during the exam.
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Part Il

Applications of Operator Theory
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Sturm-Liouville Boundary Value Problems
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Sturm-Liouville Eigenvalue Problems

Let us now return to the previous discussion of the heat equation (2.6.3).
In order to solve

i lu=
at—i-uO

an ansatz of the form u(x, t) = X(x) T (t) yields an eigenvalue problem
(2.6.4) for X.

In the case of a single space dimension, L is an ordinary differential
operator and the boundary conditions are imposed on an interval | C R.
Such problems are called Sturm-Liouville problems.
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Sturm-Liouville Eigenvalue Problems

We will consider the operator

L= —r(lx) (dx <p(x):x> + q(x)> (3.1.1)

which encompasses the operator

Lu= (div(k(x) grad u(x, t)) + q(x))

I
o(x)e(x)

of (2.6.1) in one space dimension.
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Generality of the Sturm-Liouville Operator
3.1.1. Remark. Formally, any second-order operator can be written in the
form (3.1.1): let

L = ap(x ):Z—Fal(x)d + ap(x)

is given. Set

() = 3, r(x):_a"z((xx)), a(x) = —ao(x)r(x).  (3.12)

Then L is given by (3.1.1) with p, g, r as in (3.1.2).

3.1.2. Example. Let L = x> + & 1 x3. With

2 1
=Bt g=-het aw=set

we can write
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Sturm-Liouville Boundary Value Problems

Regular Sturm-Liouville Problems (ODE Point of View)

We suppose that | = (a, b) is a bounded interval, p, p’, q,r € C([a, b]) and
p(x), r(x) > 0 for all x € [a, b]. Then the equation

% <p(x)2i> + (g(x) + Ar(x))u =0, x € (a, b), (3.1.3a)

is said to be a regular Sturm-Liouville equation. \We impose boundary
conditions
B,u = aqu(a) + B1u'(a) = 0,

Bpu := apu(b) + Bru'(b) = 0, (3.1.3b)

where al,az,ﬂl,ﬁg € R and ’Oél’ + ‘ﬂl‘ 7£ 0, ’ag‘ + ’ﬂg’ # 0. We
sometimes refer to B, and By, as boundary operators.

The problem (3.1.3) is said to be a regular Sturm-Liouville problem.
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Sturm-Liouville Problems (Operator Point of View)

A regular Sturm-Liouville BVP may be regarded as an eigenvalue problem
for the Sturm-Liouville operator L on L?([a, b]; r(x) dx) with domain

U:={ue C%([a, b]): Bou = Byu =0}, (3.1.4)

where

b
L?([a, b]; r(x) dx) = {u: [a, b] — R: / lu(x)]? r(x) dx < oo}

is the space of weighted square-integrable functions. Eigenvalues \ and
eigenfunctions uy € U will constitute solutions of the Sturm-Liouville
problem.

We will combine the differential equations with the operator point of view
to analyze the Sturm-Liouville problem.
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The Wronskian
For u,v € C%(a, b) N C([a, b]) we define the Wronskian

o u(x) v(x)
W (u(x), v(x)) := det <p(x)u'(x) p(X)V/(X))

= p(x) (u(x)V'(x) = v(x)d'(x)).

3.1.3. Lemma. Let A € C and u, v € C?(a, b) N C([a, b]) be any two
solutions of the Sturm-Liouville equation (3.1.3a).

(i) The Wronskian W (u(x), v(x)) vanishes if and only if u and v are
dependent.

(i) The Wronskian W/(u(x), v(x)) is constant.
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The Wronskian

Proof.

(i) Since p(x) > 0 for all x € [a, b], the Wronskian vanishes if and only if
u(x) = av(x) and v'(x) = av/(x) for some o € R. Hence u and v
are multiples of each other and therefore linearly dependent.

(ii) For u,v € C?(a, b) N C([a, b]) we have

r(ulv — vLu) = —u(pv') — ugqv + v(pu') + vqu
= (p(w/ — uv'))/
/ ny’
- 1
= ulv —vlu = M =-W(u,v) (3.1.5)
r r
The equation (3.1.5) is called the Lagrange identity for L. If u, v
satisfy Lu = Au and Lv = Av, the left-hand side vanishes and the
Wronskian is constant. O
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Symmetry
3.1.4. Lemma. The regular Sturm-Liouville operator L is symmetric, i.e.,

(U, LV) 1210 5):r(x) dx) = (LU, V) 1213, b):r(x) dx) -
for all u,v € U.

Proof.

Integrating (3.1.5) over (a, b) we obtain Green’s formula for L,

b
/a (u(x)Lv(x) — v(x)Lu(x))r(x) dx = [p(vu' — uv')]5. (3.1.6)
Then
b
(u,Lv) — (Lu,v) = / (u(x)Lv(x)r(x) — v(x)Lu(x)r(x)) dx

= [p(v' — uv')]f. (3.1.7)
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Symmetry

Proof (continued).
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For u, v € U we know that the boundary conditions (3.1.3b) hold. Thus,

assuming that (1, 2 # 0 we have

a2

v'(a) = _E“( ) o (b) =~ u(b),
V(a) = ~5va) v (b) = =S v(b).
Hence
V(a)u(a) ~ v (a)v(a) = ~ G (v(a)u(a) ~ u(2)v(2) =0,
V(B)u(b) — o (b)v(b) = ~ 32 (v(b)u(b) — u(B)v(b)) =

(3.1.8)

The same result is true if 51 = 0 or B> = 0. It follows that the right-hand

side of (3.1.7) vanishes.

O]
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Simple Eigenvalues

3.1.5. Lemma. Let A € R be an eigenvalue of L. Then X is simple, i.e.,
there can not exist two independent eigenfunctions u, v € U with Lu = Au
and Lv = )\v.

Proof.

Suppose that u, v € U satisfy Lu = Au, Lv = Av. By Lemma 3.1.3 it is
sufficient to check that the Wronskian vanishes at a single point. Since
B,u =0 and B,v = 0, we have
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The Resolvent of the Sturm-Liouville Operator

The inhomogeneous Sturm-Liouville equation has the form
Lu—Adu=v (3.1.9)

for some v € L2([a, b]; r(x) dx). If X is not an eigenvalue (so L — A/ is
invertible), (3.1.9) can be “resolved” by setting

u=(L-X)"tv

where (L — M)~! = Ry(L) is the resolvent of L.

(In fact, this exact problem was one of the main motivations for the
development Hilbert space theory in the early 20t century.)

The resolvent R)\(L) can be constructed explicitly using methods from the
theory of differential equations. We now summarise the construction.
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Construction of the Resolvent

Suppose that u; and u, satisfy the equations

(L—/\I)Ul :0, Baul :0, ui 7&0,
(L—)\I)Ug :0, BbU2 :0, un 7&0

Then the solution of (L — A )u = v is given by

b
u(x) = (L= X)"v(x) = / g(x, y)v(y) r(y)dy, (3.1.10)
where
ey fy<x
§04Y) = 4 iyt

W(ur,u) if y > x.
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Construction of the Resolvent

Since g(x, y) is a continuous function, the resolvent (3.1.10) is a
Hilbert-Schmidt operator and therefore compact. Furthermore, since
g(x,y) = g(y, x), the resolvent is self-adjoint.

We can now apply the theory of compact operators to the resolvent. The
following theorem relates the properties of the resolvent to the properties
of L.

3.1.6. Theorem. Let L be a linear operator on a Hilbert space %" Let
1 € R be such that p is not an eigenvalue of L and let u € &%". Then

1
> u+ X is an eigenvalue of L with eigenfunction v and A # 0

if and only if
> \is an eigenvalue of (L — u/)~! with the same eigenfunction u.
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The Sturm-Liouville Eigenvalue Problem

3.1.7. Theorem. Let L be a linear operator on a Hilbert space %" Let
1 € R be such that p is not an eigenvalue of L and let u € %". Then

> U+ X is an eigenvalue of L with eigenfunction v and A # 0

if and only if

> )\ is an eigenvalue of (L — u/)~! with the same eigenfunction u.

Proof.
(=) Suppose that A # 0 and Lu = (p+ }) u. Then
u=MNL—pulu
and, applying (L — /)~ to both sides,

(L—p)™ru=Au
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The Sturm-Liouville Eigenvalue Problem

Proof.
(<) Conversely, suppose that

(L—ph) tu=Au
for u € ran(L — pl). Then, with u = (L — pl)v,
v=AL—pl)v

1
Lv = <u+>\> V.

Applying L — ul to both sides, we note
(L—pl)Lv = L(L — pul)v = Lu and so

1
Lu:<u+>\>u. O

and
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The Sturm-Liouville Operator is Bounded Below

3.1.8. Definition. Let L be a symmetric operator with dense domain on a
Hilbert space %"

We say that L is bounded below if there exists a constant ¢ € R such that

(u, Lu) > clul)? for all u € dom L. (3.1.11)
We say that L is bounded above if —L is bounded below.
3.1.9. Theorem. The Sturm-Liouville operator L with dom L = U is

bounded below.

The proof, which involves some rather fine analysis, is part of this week's
homework.

It follows that the lower Rayleigh bound (see (2.4.5)) of L is finite and that
there is a lower bound on the eigenvalues of L.

In particular, there exists a number p which is not an eigenvalue of L.
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Spectral Theorem for the Sturm-Liouville Operator

We obtain the spectral theorem for regular Sturm-Liouville operators:
3.1.10. Spectral Theorem. Let L be a regular Sturm-Liouville operator
(3.1.1) on L?([a, b]; r(x) dx) with domain (3.1.4). Then

Opoint(L) # 0

The eigenvalues of L are simple and form a countable, increasing sequence
(An) with lim A, = co. The corresponding normed eigenvectors are an
n—oo

orthonormal basis of L2([a, b]; r(x) dx).

3.1.11. Remark. The spectral theorem ensures the conditions discussed in
Slide 293 for the separation-of-variables method to succeed.
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Spectral Theorem for the Sturm-Liouville Operator

Proof.

Since L is bounded below, we can find i € R such that y is not an
eigenvalue of L. The resolvent R, (L), given by (3.1.10), is compact and
self-adjoint so that by the Spectral Theorem for compact operators 2.6.6
there exists a sequence of eigenvalues (\,) of R, (L) such that A\, — 0 as
n— oo.

By Theorem 3.1.7, (1 + 1/A,) is then the sequence of eigenvalues for L
(there are no other eigenvalues) with the same eigenfunctions.

Furthermore, .
B+ — 222, 1o
An
(Since L is bounded below, the convergence can not be to —cc.) The
eigenfunctions of R,,(L) are a basis of L([a, b]; r(x) dx). Since they
coincide with the eigenfunctions of L, this proves the last assertion of the

theorem. O
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Spectral Theorem for the Sturm-Liouville Operator

3.1.12. Example. The Sturm-Liouville operator L = —-% on L2([0, 71]) with
domain

U= {ue C%[0,n]): u(0) = u(x) =0}

has eigenvalues A\, = n?, n € N\ {0}, and (normed) eigenfunctions
en(x) = —=sin(nx), neN.

By the Spectral Theorem, the sequence (e,) of eigenfunctions is an
orthonormal basis of L2([0, 7]).

This establishes that the Fourier-sine orthonormal system of functions
(1.7.6) is actually a basis.
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The Rayleigh-Ritz Method
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Estimating Eigenvalues

Throughout this section we denote by K an operator that is compact,
self-adjoint and positive (see Definition 2.4.14) on a separable Hilbert
space .%7. We have seen that the spectrum of K consists of a sequence of
(possibly repeated) eigenvalues

M>X> >N > >0

with A, — 0 as n — oco. The number 0 is either an eigenvalue or in the
continuous spectrum of K. We denote by (e,) the orthonormal basis of %~
associated to K and write

My := {0}, M, = span{ei, ...,en}, n>1.

For simplicity, we assume that the sequence of eigenvalues is infinite; if
there are only m non-zero eigenvalues, we set A\, = 0 and assume that
e, € ker K for n > m.
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An Expression for the Eigenvalues
3.2.1. Theorem. The (n+ 1)st eigenvalue satisfies

Ai = o RL)

where R(u) is the Rayleigh quotient (2.4.3).

Proof.

By (2.6.5) we have (u, Ku) = >"32 1 Ax|(ex, u)|? for u € 7. If u e M,
(ex, uy =0 for k < n and

[o.¢]
(u, Ku) Z Aelle )P < Xnjx D (e, u)? = Appaflull®.
k=n+1 k=n+1

Hence, R(u) < Ant1. Furthermore, R(ep+1) = Ant1, so the theorem is
proven. O
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The Weyl-Courant Minimax Theorem

Theorem 3.2.1 gives a basic expression for the eigenvalues of K, but it is of
limited usefulness, as it requires knowledge of the eigenfunctions. A more
practical approach is to replace M, with a subspace E, spanned by
“wrong” functions that may not be eigenfunctions. The following theorem
states that \,41 can be found by minimizing the result over all possible E,:

3.2.2. Weyl-Courant Minimax Theorem. Let E, be any n-dimensional
subspace of % and set
E,) ;== max R(u).
Y(E:) = max R(w)
Then
Ant1= min v(E;) = min max R(u).

E,.CH EnCH ucE;t
dim E,=n dim E,=n
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The Weyl-Courant Minimax Theorem

Proof.
From Theorem 3.2.1 we have \,;1 = v(M,), so

min  V(E,) < Apa1.
Jmin (En) < Angt
dim E,=n

We now show the reverse inequality as follows: for each choice of E, we
find an element w € E;- such that R(w) > Apyi1. Then v(E,) > A,y1 for
all E, and the theorem is proven.

Let E, be given with basis {vi, ..., v,}. Then we can find numbers
Cl, .-+, Cn+1 such that

W =c1€1+ -+ Chén+ Chri1€nsi

is non-zero and (w, vx) =0 forall k=1,...,n.
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The Weyl-Courant Minimax Theorem

Proof (continued).

(This is possible because the cy, ..., cy4+1 are determined by a homogeneous
system of equations with n 4+ 1 unknowns and n equations - there is always
a non-trivial solution.) Then

n+1 2
(KW, W> Z )\k’Ck’ > )\n+1. =

R(w) = = >
[[wl[2 Z”+1!Ck!2
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The Weyl-Courant Minimax Theorem

The Weyl-Courant Theorem provides a method of estimating the
eigenvalue A\,11 by calculating v(E,) for a special case V,, of E,. Then the
eigenvalue A\, will not be greater that the approximation:

Ant1 = ETlgy V(En) < V(Vn)
dim E,=n

However, if # is infinite-dimensional, then so is V,,L and calculating

v(V,) = max R(u) can be quite difficult.
ueVit

n

The Weyl-Courant principle is instead quite useful for proving certain
properties of operators.



' m JOINT INSTITUTE
The Rayleigh-Ritz Method Slide 335 RRBRERFIT

The Rayleigh-Ritz Method

Another approach, based on the original Theorem 3.2.1, is used by the
Rayleigh-Ritz method. Suppose we are interested in the first (highest)
eigenvalue A1. Then, by Theorem 3.2.1,

A1 = max R(u).

uesH

If we restrict the maximum to only those u from a subspace

V,, = span{vy, ..., vp} we have
A1 > maxR(v) = max R(cvi+---+ cava). (3.2.1)
ve Vi Cl,..., ck€F
The elements vy, ..., v, are called trial vectors (or trial functions if %  is

a space of functions) and are selected in a “suitable” way. The goal is, of
course, for the maximum in (3.2.1) to be as close to A; as possible.
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The Rayleigh-Ritz Method
Suppose trial vectors vi, ..., v, are given. then

(aavi+ -+ cavn, K(cavi + - + cava))
lciva + -+ + cavall?
i1 Gigiki

n —
Zi,j:l Cicjajj

R(civi+ -+ + cpvn) =

(3.2.2)

where
aij = (v, vj) = @ji and kij = (vi, Kvj) = ki

are known and can be calculated in advance. It is obviously a good idea
numerically to choose the trial vectors to be orthonormal (or normalized
and “nearly” orthogonal).

This works well for estimating the first eigenvalue. However, to apply this
method for the second and further eigenvalues requires some more
discussion.
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The Galerkin Equation

We are effectively trying to find approximate eigenvectors for K in the
space V,, = span{vi, ..., vp} and corrsponding approximations to
eigenvalues. In other words, we would like to find approximate solutions to

Ku = A\u (3.2.3)

by taking u € V,. However, u € V,, does not necessarily imply Ku € V,,,
which makes (3.2.3) impossible to solve exactly.

Define the orthogonal projection P: % — V,,. Then we can instead
consider the eigenvalue problem

PKv = Av, vev, (3.2.4)

which makes sense. Note that if K is compact, symmetric and positive,
then so is PK (why?). Hence, R(civi + - - + cpvp) is just the Rayleigh
quotient for PK and maximizing it finds the largest eigenvalue A;.
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The Galerkin Equation
Given that {vi, ..., vp} is a basis of V,, we can write out (3.2.4) in
coordinate form by noting that it holds if and only if

(PKv — Av,vj) =0, j=1,.., k.

For v =civi + -+ + cpv, this reduces to the equations

n

Z(Kv;,\/j>c;:/\z<v;,\/j>, Jj=1..,n (3.2.5)

i=1 i=1
this is just the equation found when maximizing (3.2.2).

The equation (3.2.4) as well as its coordinate form (3.2.5) are called the
Galerkin equation.
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The Eigenvalues of the Galerkin Equation

Since PK is a symmetric and positive operator on the finite-dimensional
space V), there are exactly n eigenvalues

M>NA> >N, >0

We note that, since we are in a finite-dimensional space,

(PKu, u)
A1 = max R(u) = max -7 2.
1= max R(u) = max = (3:26)
Ay = min R(u) = min KU L) (3.2.7)

ueV, ueVn  ||ul|?

We would like to establish a relationship between these eigenvalues and the
first k eigenvalues of K.
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Poincaré’'s Theorem

3.2.3. Poincaré’s Theorem.

N < A, Nn < A

The proof is very similar to that of the Weyl-Courant Theorem 3.2.2.

Proof.
We already know that A; < A\1. Now let k =2, ..., n. Then by Theorem
3.2.1
Ak = max R(u).
ueM,({1
We choose a vector w € /\/Ik{1 such that w # 0 and

W:d1W1+"‘+dek,

where wy, ..., wy are the first k eigenvectors of PK.
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Poincaré’'s Theorem

Proof (continued).
Then R(w) < Ak and

(PKw,w) _ S Al S
[|w|? Sk Jdi2 T

This shows A, < A. ]

R(w) =
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The Poincaré Maximin Theorem

3.2.4. Poincaré Maximin Theorem. Let E,, be any n-dimensional subspace
of & and set

w(En) := min R(u).

UeEn
Then
An= max pu(E;,) = max min R(u).
E.CH E.CH# u€E,
dim E,=n dim E,=n
Proof.

From (3.2.7) we have u(E,) = /A, and by Poincaré’'s Theorem 3.2.3 we
have A, < A,. Therefore,

max u(En) < Ap.

EnCH
dim E,=n
However, u(M,) = A, (why?), so fnax w(En) = Ap. O

dim E,=n
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The Poincaré Maximin Theorem

3.2.5. Remarks.

(i) All of the previous results work for operators that are negative instead
of positive (T is negative if —T is positive) if the words “maximum”
and “minimum” are interchanged and all the inequalities are reversed.

If an operator is neither negative nor positive, then the original results
work for the positive end of the spectrum and the modified results
work for the negative end. Generally speaking, if a symmetric
operator is simply bounded below or bounded above and the
spectrum at the bounded end consists of eigenvalues only, then these
eigenvalues can be estimated by using the above results.

(i) Usually, the approximation A; to Ap is better than that of Ay to A,
and so on.

(iii) By increasing k, the approximation improves. In theory, the
eigenvalues A; will converge to \; as k — oo, since PK converges to
K in norm as k — oo.
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Application to Sturm-Liouville Operators

Recall that regular Sturm-Liouville operators are symmetric and bounded
below. Their spectrum consists of an increasing sequence of eigenvalues

—c0o <A1 < <.l

so (as per Remark 3.2.5 i)) we can apply the Rayleigh-Ritz procedure. For
example, to find an estimate and lower bound for the first (and lowest)

eigenvalue, we use trial vectors v, ..., v, spanning a subspace V,,. Then
A1 < min R(v)= min _R(civi + -+ cpVn). (3.2.8)
vevV, Clyeens ch€F

Of course, now we have to ensure that V,, C dom L. This is not an issue
for compact operators but becomes relevant for the (unbounded)
Sturm-Liouville case.
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A Sturm-Liouville Problem

3.2.6. Example. Let us consider the Sturm-Liouville problem
Lu=—u"=Xu on(0,1), u(0) =0, u(1) = 0. (3.2.9)

Using Mathematica 10.3, we can find an exact solution:

Dsolve[{D[y[x], {x, 2}] +Ay[x] =0, y[0] =0, y[1] =0}, y[x], x]

HY[XJ N {C[l}sin{xﬁ] r}eIntegers&&rﬁzl&&)L::leJTZ}}
0 True

We hence have normed eigenfunctions

1
Yexact [X¥_, n_] := Assuming [n € Integers, Normalize[sin[nnx] ’ A ’ j Abs[#]2dx &] ] ;
0

Yexact [X, n]

\/? Sin[nx]
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The Rayleigh-Ritz Method

Polynomial Approximation to the Eigenfunctions

We define the differential operator L, the Rayleigh quotient R and our trial
functions, which will be polynomials of degree n:

L:=-D[#, {x, 2}] &;
jola L[#] dx
) J'ol#zdlx

m
plx , m ] :=ap+ Zak x*
k=1

We now determine a polynomial of order n = 2 that satisfies the boundary

conditions (lies in U = dom L = {u € C?([a, b]): u(0) = u(1) = 0}):

m= 2;

coeff = Solve[ {Evaluate[p[0, m]] ==0, p[1, m] == 0}, Table[ax, {k, O, m}]]
: Equations may not give solutions for all "solve" variables. >

{{ao >0, az > -a1}}
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Estimating the Lowest Eigenvalue
This yields a single normalized trial function:

v[ix ] :=p[x, m] /. coeff[[1]]; vI[x]

xal—xzal

, 1
Yest [x_] 2= Normalize[Evaluate[v[x] /.a;»1], j Abs[#]2dx &] ;
0

Yest [x]
v 30 (x - x2>
The Rayleigh quotient is

R[¥ese [%]]
10

which is a good approximation to the true value 72 ~ 9.869604. Since
there is only a single trial function, no maximization needs to take place.
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Estimating the Lowest Eigenfunction
The approximate eigenfunction is fairly close to the true eigenfunction:

Plot[Evaluate[{¥est [X], Yexact [x, 1]1}], {x, O, 1}]
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Improving the Estimates for the Lowest Eigenvalue
We can take a fourth-order polynomial to obtain an improved estimate:

m=4;

coeff = Solve[ {Evaluate[p[0, m]] ==0, p[1, m] == 0}, Table[ax, {k, O, m}]1];
v[x_ ] :=p[x, m] /. coeff[[1]];
vi[x]

: Equations may not give solutions for all "solve" variables. >
Xajz -*-X2 aj -*-X4 (—al —aj —a3) +X3 as
The Rayleigh quotient now has three parameters:

R[v[x]]

932] . 48aj ap . 44522 . 4ajaj . 13apaj3 . 3323
7 35 105 7 35 35

ﬁ+13a]a2+3622+7a]a3 5apaj3 623
9 126 315 180 252 252
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Improving the Estimates for the Lowest Eigenvalue
We find the minimum of the Rayleigh quotient:

min = FindMinimum[R[v[x]], Table[ayx, {k, 0, m}]]
{9.86975, {ap > 1., a; »2.39859, a, »0.319349, a3 »-5.43587, az »>1.}}

Note that this minimum is a very good approximation to 72 ~ 9.869604.
The estimated eigenfunction is :

West [x.] t= Normalize[Evaluate[v[x] /. min[[2]11, « [ JlAbs[#]z dx &];
o

Yese [X]
1.83608 (2.39859x + 0.319349x? - 5.43587 x> + 2.71794 x*)
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Estimating the Lowest Eigenfunction

There is no immediately visible difference between the approximate and the

true eigenfunction:

P1°t[Evaluate[{West[x]I ll/exact [xr 1]}]! {xl OI 1}]

0.8

0.6}

0.4}

0.2}
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Estimating the Lowest Eigenfunction
Magnification shows the actual difference:

Plot[Evaluate[ {¥est [X], Yexact [X, 11}], {x, 0.49, 0.51}]
1.4140 |
1.4135¢
1.4130 -

1.4125 -

0.490 0.495 0.500 0.505 0.510
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Finding Estimates for the Next Eigenvalues

In the calculation so far, we have effectively found A1, once for a space of
trial functions U N % (the domain of L intersected with the polynomials of
degree not larger than 2) and once for U N %. To find an estimate for the
second eigenvalue Ay, we need to find Ay for some suitable space.

The space U N 4 is one-dimensional, so the operator only has the
eigenvalue Ay there and we can not use it to find an approximation to A;.
However, U N .%, is three-dimensional and we can find two more
eigenvalues /Ay and Az with their corresponding eigenfunctions.

We find these eigenvalues and -functions by restricting to the orthogonal
complement of the previously determined eigenfunctions for A; (and Ap).
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Finding Estimates for the Second Eigenvalue
n=4;
coeff = Solve[{Evaluate[p[O, n]] =0, p[1, n] =0, J:p[x, n] Yeriar [x, 1] dx = },
Table[ax, {k, O, n)]]
: Equations may not give solutions for all "solve" variables. >
{{ap>0., a3 >0. - 6.27867 a; - 2.75955a,, as - 0. +5.27867 a; + 1.75955 a,}}
Yeriar [x_] t=p[x, n] /. coeff

R[¥tria1 [x]]
{ 1.07691a% + 0.432691a; a, + 0.0467966 a3 }
0.0233759 a§ +0.008792384a; a, +0.000862572 a%

min = FindMinimum [R[Y¢ria1 [%]], {21, @2 }]

{42., {a; »2.23743, ap - -6.71231}}

Yeria1 [¥_, 2] 2= Normalize[o.\ +2.2374334666115634" x - 6.712314638301565" x>

, 1
+4.474886320874187" x> - 5.1491841865924926 %" -6 x*, j #2 dx &]
0
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The Rayleigh-Ritz Method

Estimating the Second Eigenfunction

Note that the upper bound of 42 is not very close to the true eigenvalue
47? =~ 39.48. Also, the approximation to the second eigenfunction is not as
good as the approximation of the first eigenfunction:

Pl°t[Evaluate[{d’trial [xr 2]! wexact [XI 2]}]! {xl ol 1}]




JOINT INSTITUTE
RARERBREE

The Rayleigh-Ritz Method Slide 356 m

Finding Estimates for the Third Eigenvalue

‘1
coeff = Solve[{Evaluate[p[O, n]] =0, p[l, n] =0, jp[x, n] Yeriar[x, 1]dx =0,
0

1
jp[x, n] Yerian [x, 2] dx = 0}, Table(a,, (k, O, n)]]
o
: Equations may not give solutions for all "solve" variables. >
{{ap »0., a >0. -5.63314a;, a3 >0. +9.26627a;, as >0. -4.63314a;}}
Yeria1 [%_] :=p[x, n] /. coeff

R[¥eria1 [¥]]
{ 0. +0.124457 a2 }
0. +0.00121861 a?

min = FindMinimum([R [Yiria1 [x]], {21, @2 }]
{102.13, {a; > 1., a; >1.}}

£[x ] :=p[x, n] /. coeff /. min[[2]]

£[x]

{0.+1.%x-5.63314x2+9.26627 x> - 4.63314 x*}

Yeriar [x_, 3] 3= Normalize[o.‘ +1.% x-5.63313597332083" x? + 9.26627194658505" x>

1
-4.63313597326422" x*, JJ #2dx &]
0
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The Rayleigh-Ritz Method

Estimating the Third Eigenfunction

The bound of 102.13 on 972 ~ 88.83 is again not very good. The
approximation to the third eigenfunction is qualitatively correct but

quantitatively poor:

Plot[Evaluate[ {¥iria1 [%, 3], Yexact [x, 3]}], {x, 0, 1}]

0.4 0.6 0.8 1.0
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Positive Operators and the Polar Decomposition
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Polar Representation of Complex Numbers and Operators

The goal of this section is to find a polar representation of bounded
linear operators that is analogous to the polar representation of complex
numbers.

A complex number z € C mar be expressed as z = |z|e'8(2). Now fix
z € C and consider the linear map

T,: C—=C, w — zw = e/ 28 |z|w

Then we can write T, as a composition of two maps:
» multiplication with |z| > 0;
» multiplication with e’2&(2),

The first is a positive operator in the sense that

(w,|z|w) = |z|ww = |z| - [w|* > 0 if w#0.
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Positive Operators and the Polar Decomposition

Polar Representation of Complex Numbers and Operators

The second is an isometry, meaning that
8D | = (/8] || = |w],

i.e., the length of w remains unchanged. In this section we will analogously
define and prove the decomposition

A= UA|

for any bounded linear operator A, where |A| is a positive operator and U
is a (partial) isometry.
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Positive Operators

Recall that a bounded linear operator B on a Hilbert space % is said to be
positive if

(x,Bx) >0 for all x € 77
In this case, we write B > 0. We write A> Bif A— B> 0.

3.3.1. Remark. If Ais a bounded linear operator, then A*A is self-adjoint
and positive, since
(A*A)" = A*(A")" = A"A

and
(x, A*Ax) = (Ax, Ax) = ||Ax||* > 0.
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Commutation of Operators

We will now work to define the modulus of an operator in analogy to the
complex modulus. To do this, we need to define the square root of positive
operators. In preparation, we formalize a preliminary concept that is
essential to the calculus of operators:

3.3.2. Definition. Let A and B be two linear operators on a vector space V.
The commutator of A and B is defined by

[A B] := AB — BA

with domain dom(AB) N dom(BA). The operators A and B are said to
commute if
AB = BA,

i.e., if A(Bv) = B(Av) for all v € dom(AB) N dom(BA).
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The Binomial Series

In the proof of the WeierstraB Approximation Theorem 1.2.14, we have
already encountered the binomial series (1.2.4),

— 1 [2n—-2\2z"
Vi—-z=1- - —. 3.1
z ;22n1<n_1>n (33 )
We have also proved in (1.2.5) that
—~ 1 [(2n-2
—_ <1 3.2
;22“,,(”_1)_ (332)

and, in particular, the series (3.3.1) converges absolutely when |z| < 1.
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Positive Operators and the Polar Decomposition

The Square Root Lemma

3.3.3. Square Root Lemma. Let A be a linear, bounded, self-adjoint and
positive operator on %". Then there exists a unique linear, self-adjoint
operator B such that

B>0 and B? = A.

Furthermore, B commutes with any bounded operator which commutes
with A. We write B =: V/A.
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The Square Root Lemma

Proof.
We may suppose that ||A|| < 1 (why is this sufficient?). Then

0 < (v,Av) < |v]|? for any v € 7.
This estimate together with
(vi (I = A)v) = ||[v]* = (v, Av)

implies that
0 < (v, (I = Av) < [Iv|*

Then by Theorem 2.4.11,

v, (T=Av)l (3.3.3)

0< [/ — Al = sup Avil o
e VI
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The Square Root Lemma

Proof (continued).
Therefore, the series of numbers

= 1 [(2n-2 .,
e e [

n=1

converges. From this we see that the series of operators in £(%#, %)
o0
1 2n -2
I — —_— I —A)"
;n?”—l(n—l)( )

converges absolutely and by Lemma 1.5.3 then converges to an operator
Be 47 7).
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The Square Root Lemma

Proof (continued).
Since )
21 [2n-2\(1-2)"
(-2 (700) ) -

for any z € C with |z| <1 and the series converges absolutely when 1 — z
is replaced by the operator | — A and z is replaced by A, this shows that
B? = A.

Next, B = B* since (| — A)* =1 — A and

o

B* =1 z_; # <2n”_12> [(1 — A"
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The Square Root Lemma

Proof (continued).
We next prove that B > 0. From (3.3.3),

0< (v, (1 =A)") < [[(1=A)"[I- IvIP < 11 = A" IvIP < v
and so, for v € %

.89 = =3 s ()i A

n=1
[e'S)

1 2n—2

2

> vl ll_zn?”—l(n—l)]
n=1

>0

where we have used (3.3.2).
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The Square Root Lemma

Proof (continued).
Since the series for B converges absolutely, we can take any operator C
such that AC = CA and find

= 1 [(2n-2 ,
n=1
=1 [(2n-2 ,
:C—Zn22n_l<n_1>C(/—A)
n=1
= 1 [2n=2
:C—Zn22n_l(n_1)(l—A)”C
n=1
= BC.

This proves that B commutes with any operator that commutes with A.
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The Square Root Lemma

Proof (continued).
Finally, we prove the uniqueness of B: Suppose there exists some other
self-adjoint operator B’ such that B > 0 and B> = A. Then

B'A=B" = AB

and so B’ commutes with B. This implies
(B—B')B(B—B')+(B—B)B'(B—B)= (B 3'2)(3 B')
=(A-A)(B-B)
0.

Since both (B — B")B(B — B’) and (B — B')B'(B — B’) are positive
(why?) this implies that both operators vanish (why?). Then

(B—-B)»=(B-B)B(B-B)-(B-B)B'(B-B)=0.
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The Square Root Lemma

Proof (continued).
This implies that

I(8 B <18~ B'|-l(B~B)|=0. (3.3.4)

Using Theorem 2.4.11 and noting that B — B’ is self-adjoint, we see that

,(B—B') B — B')v|?
||(B_B/)2H = sup ’<V ( > ) V>‘ = sup M
vesr vl ver IV
ST

The same argument, applied once more, shows that
I(B - B =8~5*"

With (3.3.4) this implies ||B — B’|| = 0 and we conclude B = B'. O
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The Modulus of an Operator

Hence, for any bounded operator A on % the modulus
|A] ;== VA*A

is a well-defined, bounded, positive and self-adjoint linear operator on %7

Note that

> [MA| = || - |A] for A € C,

» but in general |A| # |A¥|,

> in general, |A+ B| £ |A| + |B|.
However, if A= A*, then

A2 = A*A = A2,
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The Modulus of a Compact Operator

If K is a compact operator, the modulus |K| can be calculated using the
spectral representation (2.6.5) for K*K. This is based on the fact that if K
is compact, then so is K*K, since K* will be a bounded linear operator
and the composition of a bounded with a compact operator is compact.
Since K*K is self-adjoint and positive, we can apply the spectral theorem
to obtain:

3.3.4. Lemma. Let K be a compact operator on a Hilbert space % and
denote by A\, > 0 the eigenvalues and by v, the eigenvectors of K*K.
Then |K| is compact and

|K’ = Z \/E(an : >Vn- (335)

nel

3.3.5. Corollary. The representation (3.3.5) implies that the eigenvalues
and -vectors of |K]| are given by /A, and v, respectively.
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The Modulus of a Compact Operator

Proof.
We first show (3.3.5). Let

T = Z VA (Ve - .

nel

It is easy to verify that

» T2 = K*K,
> T:T*’
» T >0,

so T is the unique square root of K*K, i.e., T = |K]|. Furthermore, |K] is
compact, since it is the norm limit of the finite-rank operators

Ky = Z \/)T,,(v,,, - ) V.

n<N

with ||K — Kn|| < v/An+1 and /Ay — 0 as N — oo. O
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Polar Decomposition

In analogy to the polar representation of complex numbers,
2= |2 e, (187) 1 = erarez,
we would like to write
A= U|A| (3.3.6)

for a suitable operator U. However, while

ez giaEz — 1,
we may not be able to achieve

uu=uur=1

since U or U* may have a non-trivial kernel.
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Partial Isometries

3.3.6. Example. Let R: /> — (2 be the right-shift operator. Then R* = L
(the left-shift operator) and R*R =/, so |R| = I. This means that we
would have to take U = R in (3.3.6). But then

R*R =1, RR* = | — (e1, -)er
where e; = (1,0,0, ...).

3.3.7. Definition. An operator U on % is said to be an isometry if
|Ux|| = ||x]| for all x € #".

The operator U is said to be a partial isometry if it is an isometry when
restricted to the closed subspace (ker U)*.
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The Polar Decomposition

The following theorem then allows us to define the polar decomposition for
bounded linear operators:

3.3.8. Theorem. Let A be a bounded linear operator on a Hilbert space %"
Then there exists a partial isometry U such that

A= UlA (3.3.7)

The partial isometry is uniquely determined by requiring ker U = ker A.
Moreover, ran U = ran A.

Proof.
In order to achieve (3.3.7), we need to define a partial isometry

U: ran|A| - ran A
which is most obviously done by setting

Uw = U(|A]v) = Av for any w = |A|v € ranA|. (3.3.8)
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The Polar Decomposition

Proof (continued).

However, it could be that w = |A|v; = |A|va with vi # v». Then it is not
clear if U is well-defined, because the action of U might depend on which
v is used. We note that

I|AIV]]> = (|Alv, |Alv) = (v, |A]Pv) = (v, A*Av) = ||Av|]? (3.3.9)
and hence
[Alvi — [Alva|* = [[|[Al(vi — v2)|I* = |A(v1 — w2)|I> = [Av1 — Awo|?

so Av; = Aw; if and only if |A|vi = |A|va. This shows that U is
well-defined.

From (3.3.9) we also see that ||Uw|| = ||w|| for all w € ran|A|.
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The Polar Decomposition

Proof (continued).
Our goal is now to extend U (currently defined only on ran|A|) to an
operator on all of % such that

ranU =ranA and ker u = ker A.

First, we use the B.L.T. Theorem 2.1.10, to extend U to a map ran|A| to
ran A. (Explain why then ran U =ran A.).

Then, we simply define Ux = 0 for all x € (ran|A|)*. Since
F = ran|A| @ (ran|A])*,

this defines U on 7.
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The Polar Decomposition

Proof (continued).
We next prove that ker U = ker A. By our construction, ker U D (ran|A|)*.
But does the kernel contain any other elements?

If w=|A|v € ran]A|, then
Uv=0 <« U(Av)=0 < Av=0 <& [Av=w=0

where we have used (3.3.9). Thus, there are no other elements in the
kernel and by Lemma 2.3.5 and (3.3.9),

ker U = (ran|A|)" = ker|A| = ker A.

It follows that U has the desired properties. The proof of uniqueness is left
to the reader. ]
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The Singular Value Decomposition for Compact Operators and Matrices
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Singular Value Decomposition

For compact, self-adjoint operators K on a Hilbert space %, the Spectral
theorem 2.6.6 allowed us to obtain the representation (2.6.5) in terms of
their real eigenvalues and orthonormal eigenvectors,

Ku = ZA,,(e,,, uyen forall ue %

(This representation is equivalent to the diagonalization of square,
self-adjoint matrices.)
In this section, we will obtain a similar representation that
» is valid even for compact operators that are not self-adjoint;
» has the same form, but the eigenvalues A, are replaced with strictly
positive numbers o,.

This representation will also be useful for obtaining the polar
decomposition of a compact operator.
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Singular Value Decomposition

3.4.1. Theorem. Let K be a compact operator on a Hilbert space %"
Then there exist families of orthonormal vectors {v,},e; and {un}ner,
I C N, and strictly positive real numbers {o,},c/, such that

K= Za,,(v,,, Yup.

The numbers o, are called the singular values of K, the vectors v,, the
right-singular vectors and the vectors uy, the left-singular vectors.
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Singular Value Decomposition

Proof.

Since K is compact, so is K*K (why?). Thus, K*K is compact,
self-adjoint and positive by Remark 3.3.1. By the Spectral Theorem for
compact operators, there exists an orthonormal system (not necessarily a
basis) of eigenvectors {v,}nec; such that

K*Kv, = \,v, with A, #0, n€ [,
and
K*Kx =0 for x € (span{v,})*.

Since K*K >0, all A\, > 0.
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Singular Value Decomposition

Proof (continued).

Define
On =\ An
and set
1
Uy = 7KVn
n
Then
<U,, UJ> - 0i0; <KV,, KVJ> - O_io_j<Viy K*KVJ> = *i<V,', VJ> = 51]

sO {Up}nes is an orthonormal system.
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Singular Value Decomposition

Proof (continued).
We next show that ker K*K = ker K. Note that if K*Kx = 0, then

| Kx|?> = (Kx, Kx) = (K*Kx, x) =0,
so x € ker K. This gives ker K*K C ker K. Since ker K C ker K*K, the
two kernels are equal.
We may now write
F = span{v,} @ (span{v,})*

= span{v,} @ ker K*K

= span{v,} @ ker K.
Hence, each x € % may be expressed in the form

x = Z(v,,,x)v,, + w, where w € ker K.
nel
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Singular Value Decomposition

Proof (continued).
We then have

Kx = Z(v,,,x}Kvn +0= Zan<v,,,x)un,

nel nel

which is the desired representation. O

3.4.2. Remark. The singular values are just the square roots of the
eigenvalues of K*K. From Lemma 3.3.4 we know that the singular values
are equal to the eigenvalues of vV K*K = |K|. This gives a connection to
the polar decomposition, as we will see.
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Relationship to the Spectral Representation

While the singular value decomposition is useful as an alternative to the
spectral decomposition for non-selfadjoint, compact operators, it is worth
mentioning the following relationship between the two decompositions.

3.4.3. Lemma. Let K be a self-adjoint, compact operator with spectral
representation

K= ZA,,(e,,, - )en.

nel
Then the corresponding singular value decomposition of K is

An
K=Y |Anl{en - )un tn = 15 7én- (3.4.1)

nel
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Relationship to the Spectral Decomposition

Proof.
We have
K*K=K>=> Xlen -)en
nel
This implies that the eigenvectors of K*K are just the eigenvectors e, of K
and the eigenvalues of K*K are given by A\2. Then o, = |\,| and
up = U%Ke,, = IA 22 €ns yielding the representation (3.4.1). O

It is worth noting the following result that we used in the proof:

3.4.4. Remark. Let K be a self-adjoint, compact operator. Then K2 has
the same eigenvectors as K and the eigenvalues of K? are precisely the
squares of the eigenvalues of K.
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Relationship to the Polar Decomposition
Let K be a compact operator. Then from Lemma 3.3.4 we know that
‘K| :Zan<vny ‘>Vn (342)
nel
where the v, are the eigenvectors of K*K and o, the singular values of K.
Define further u, := U%Kv,, and set
U= (vn, - )up. (3.4.3)
nel
Then for x € span{v,} we have
|UxI2 = 31w x) P = [P
nel
and
ker U = span{v,}* = ker K.

Hence, U is a partial isometry with the same kernel as K.
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Relationship to the Polar Decomposition

Therefore, given o, up, v, for n € I in the Singular Value Decomposition
(Theorem 3.4.1), we can construct the polar decomposition

K = UlK|

by defining U and |K| by (3.4.3) and (3.4.2), respectively.
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Generalizing the Singular Value Decomposition

In principle, the singular value decomposition can be defined for linear
operators
K: H1 — S5,

where %7 and %5 are distinct Hilbert spaces. A suitably-defined adjoint
would then be a map K*: %5 — %7 and we would have

K*K: %1 — 1,

allowing us to apply the spectral representation of K*K as before.

Instead of developing this general theory (including a suitable
generalization of the adjoint) we will discuss only the case of matrices

A F" = F7, A € Mat(m x n; F).

where F = R or C.
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Singular Value Decomposition for Matrices

For A € Mat(m x n; F) we simply take A* = AT. Then
A*A € Mat(n x n; F) and AA* € Mat(m x m; F)

It is clear that both A*A and AA* are square, self-adjoint and positive and
we can calculate their square roots, giving |A| and |A*|. (Note that |A]
does not have the same size as Al)

3.4.5. Lemma. Let A > 0 be an eigenvalue of A*A with eigenvector
v € R”. Then X is also an eigenvalue of AA* with eigenvector Av € R".

Proof.
Suppose that A*Av = Av # 0. Then Av # 0 and

(AA")Av = A(A*Av) = Alv = X - Av. O
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Singular Values and Left- and Right-Singular Vectors

3.4.6. Corollary. If A € Mat(m x n; F), then A*A and AA* have at most
min(m, n) non-zero eigenvalues. These eigenvalues must be strictly
positive.

We can now make essentially the same definitions as before, with a few
additional comments.

We assume that A € Mat(m x n; F) and that A1, ..., A\, >0,
r < min(m, n), are the strictly positive eigenvalues of A*A.

» The numbers A1, ..., A, are also the non-zero eigenvalues of AA*. The
singular values of A and A* are both given by o; :=+/\;, i=1,...,r.

» The orthonormal eigenvectors for the A; are the right-singular vectors
vi € R".

» The left-singular vectors are u; = %Av,-, where u; € R™.

As before, the sets {v;}/_; and {u;}/_; are orthonormal systems in their
respective spaces.
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Singular Vectors

3.4.7. Remark. It is not difficult to see that o > 0 is a singular value and
two normalized vectors v € R" and u € R™ are right- and left-singular
vectors for A € Mat(m x n; F) if and only if

Av =ou, A*u=ov

This gives a clear sense of the way in which singular values are
generalizations of eigenvalues.
The matrices

Ur :=(u1,...,ur) € Mat(m x r; F),

Vy = (vi,...,vr) € Mat(n x r; F),

are in general partial isometries, as can be easily checked. If
r < min(m, n), they will both have a non-trivial kernel.
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Orthogonality of Singular Vectors

Since Av; = o;u; and the uq, ..

UrAV,

uy Uy
A(vi, .o, vr) =
uy ur
(u1, Avg) (u1, Av,)
(ur, Av1) (ur, Avy)
= diag(al, ,O'r)
T,
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., u, are orthonormal,

(Avi, ..., Av,)

Using the usual matrix algebra, we can rewrite this in the form

A= U5, V*
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The Compact Singular Value Decomposition
We have hence proved the following result:

3.4.8. Compact Singular Value Decomposition. Let A € Mat(m x n; F) and
let o1, ...,0, >0, r < min(m, n), be the singular values of A. Then there
exist partial isometries U,, V, such that

A=UZXV;
where X, := diag(oy, ..., o).

3.4.9. Remark. One usually orders the left- and right-singular vectors in
such a way that the singular values of A are decreasing, i.e.,

X, = diag(o1, ..., /)

with o1 > 05 > - -+ > o,. In this way, the matrix X, is determined uniquely
(but U, and V, are of course not unique).
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The Compact Singular Value Decomposition

3.4.10. Example. Consider the matrix

101
A‘(o 1 1)'

1 0 1 5 1
AA=10 1 1 and AA* = (1 2) }
1 1 2

Then

The eigenvalues of A*A are A1 =3, Ao =1 and A3 = 0. The eigenvalues
A1 and \; are also the eigenvalues of AA*. The non-zero singular values of
A are

01:\/§, oy = 1.
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The Singular Value Decomposition

The Compact Singular Value Decomposition

The right-singular vectors of A are the normed eigenvectors of A*A:

w13 wo L (7
1 — \/6 ’ 2 — \/§
2 0
The left-singular vectors are
1 1 /1 1 /-1
up = —=Avy = — , U =Avy = —
BERVEIRRYG <1> Y < 1)

Hence,
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The Compact Singular Value Decomposition
We can verify directly that

30
U AV, = ({ 1) =7

and

101
U2£2V2T:<0 . 1>:A.

Note that the matrices U and V' are not uniquely determined, because we
could have changed the sign of the right-singular vectors.

3.4.11. Example. We calculate the singular value decomposition of

1 0 -1
A=11 1 0
-1 0 -1

For reference, we note that the eigenvalues of A are —v/2, /2 and 1.
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The Singular Values
We have

A*A =

O = W
O~ =
N O O

The eigenvalues of A*A are
A =242, Ao =2, A3=2-1+2

so the singular values of A are

0'1:\/24—\&, 0'2:\/5, 03 = 2—\/5.

Hence,

Y3 = diag(o1,02,03) =

Ooﬂ
5
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The Right-Singular Vectors

Orthonormalized eigenvectors for the \;, i.e., the right-singular vectors, are

1 1 0
vp=—o=-—[-1+v2], v=10
4-2v2 0 1
1-v2
1
3= — 1
V4 —2V2 0
Hence, we have
1 0 12
VNG V4-2v2
V = V2-1 0 1
4-2/2 4-2V/2
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The Left-Singular Vectors

We can either find the left-singular vectors directly as u; = %Av,-,
i=1,2,3, or, since X3 is invertible, through >3 = U*AV:

1 1 _1

2 NG 2

-1 1 1
UZAVX3 =32 0 V2
_1 11

2 V2 2

The orthonormal columns of U are the left-singular eigenvectors u1, us, us.
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The Full Singular Value Decomposition

We can extend the compact singular value decomposition so that the
decomposition involves quadratic matrices U and V/, which are then full
(not just partial) isometries.

Let vi,..., v, r < n, be the orthonormal right-singular vectors for all
non-zero singular values of A. We complement these with arbitrary
orthonormal vectors v,41, ..., v, such that vy, ..., v, gives an orthonormal
basis of R".

We similarly add vectors u,y1, ..., u, to the left-singular vectors so that
ui, ..., Up is an orthonormal basis. Then

ui Avj = (u;j, Avj) =0 ifi>rorj>r.

We see this as follows: if j > r, then A*Av; = 0. This implies
(Avj, Avj) = (vj, A*Av;) = 0 and hence Av; =0. If i > r and j < r, then
Avj = oju; and the expression vanishes because (u;, uj) = 0.



JOINT INSTITUTE

The Singular Value Decomposition Slide 405 m RARERFET

The Full Singular Value Decomposition

3.4.12. (Full) Singular Value Decomposition. For A € Mat(m x n; F) there
exist isometries U € Mat(m x m;F), V € Mat(n x n; F) such that

A=UXV",

where ¥ € Mat(m x n; F) is a not-necessarily-square matrix whose
diagonal lists the non-zero singular values of A and is zero elsewhere.

3.4.13. Example. Consider again the matrix of Example 3.4.10,
1 01
a=(0 7 1)

V, =

We had found

1 —V3
1 V3
2 0

Up =

Nis
N
N\
(-
|_l|
—_
~_
S
(@)}
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The Full Singular Value Decomposition

Slide 406 m
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The matrix U, is already unitary, and we add an orthonormal vector to

right-singular vectors to obtain

1
1 /1 -1 1
U=— . V=—1|1
a0 1) sl
Then /3
T _ 300
UAV—<0 1 O)'

3.4.14. Example. Consider the matrix

A=

_= O

0
1
1

N — =
=

-3 V2
V3 V2
0 —V2
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The Full Singular Value Decomposition

Here

] 51
A*A = 3 AA*=1|1 2 3
4 3 7

N W~ DN
W o W Ww
N W~ N

1

and the eigenvalues of A*A are \;y = 6+ V21, \» =6 — /21,
A3 = Ag = 0. Omitting the (very messy) calculations, the compact singular
value decomposition yields isometric U,, V» such that

(47 2n)

while the full singular value decomposition gives unitary U, V such that

V6 + /21 0 0 0
U AV = 0 V6—+v21 0 0

0 0 00
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The Truncated Singular Value Decomposition

One of the major applications of the singular value decomposition is to
approximate a given matrix A by another matrix A obtained by
reconstruction from a reduced number of singular values of A:

3.4.15. Truncated Singular Value Decomposition. For A € Mat(m x n; F)
have non-zero singular values o1 > 02 > -+ > o, r < min(m, n). Let
t<r,

X, = diag(o1, ..., 0t)

and U; and V; the corresponding matrices of left- and right-singular
vectors. Then B
A = UtZt Vt*

is called the truncated singular value decomposition of A.
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The Truncated Singular Value Decomposition

3.4.16. Example. Consider once more the matrix of Example 3.4.11,

1 0 -1
A=11 1 0
-1 0 -1

The singular values of A were

01:\/2+\@, 02:\@, 03:\/2—\@.

We calculate the truncated SVD using only the two largest singular values,

_[vV2+v2 0
e (V27 8)
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The Truncated Singular Value Decomposition

The matrices of left- and right-singular vectors are

1 _ 1 _ 19
2 V2 4-2v2
=[5 0 [, Vo= | /=L
2 V2 2 4-2/2
-3 0o 1
Then
UJ AV, = 55,
and
B . 31 2v3 1/vV2 1-1/vV2 —/3-2V2
A= U5V, == —'% 1 V2 -1 0

: ~1/vV2 1/V2—-1 —\/3-2V2
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Low-Rank Approximation

The truncated SVD can be used to approximate a given matrix through a
lower-rank matrix; in fact, it is the best such approximation with respect to
the so-called trace norm, defined as

m n
Al == VirA*A = [ Jayl.

i=1 j=1

for A € Mat(m x n; F).

3.4.17. Eckart-Young Theorem. Let A € Mat(m x n; F) have the non-zero
singular values o1 > 03 > --+ > o,. Then the matrix M of rank t that
minimizes ||A — M|y is given by the truncated singular value
decomposition using the t largest singular values of A.
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Low-Rank Approximation
We recall that

n
tr(au)fdzl = Z ajj.
i=1

and that tr(AB) = tr(BA) for any square matrices A and B.
Proof.
Using the full singular value decomposition A = UX V*, we have
A= M|Z = lUSV* = M|Z =tr(UZV* = M)*(UZV* — M))
=tr((VZU" — M*)(UZV* — M))
=tr(WHVEU" — M) (UZV* — M))
=tr((ZU* = V*M*)UU*(UX — MV))
=tr((X — V*"M*U)(X — U*MV))
=|Z-UMV|§

Since X is diagonal, the trace norm is minimized if S := U*MV is diagonal.
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Low-Rank Approximation

Proof (continued).
Then

n
2 _ a2
HZ - SHtr - Z(Ul - SII) .
i=1
Since S is to have rank r, only r diagonal entries of S can be non-zero.
These non-zero entries s;; should equal o; to minimize the sum. Then

I£ = SI% =Y of.

sii=0

This is minimized if the sum is over the n — r smallest singular values, i.e.,
if the diagonal elements of S are the r largest singular values. It follows
that S = X, and

M=UXV*. O
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Image Compression

Reference Example 3.4.11 and the following application are taken from S. Beaver,
The Singular Value Decomposition and a Democratic Method of
Orthogonalization, http://www.wou.edu/~beavers/Talks/TalksPage.html

The singular value decomposition can be used for image compression: A
256 grayscale image of size 320 x 200 pixel may be represented as a data
matrix A € Mat(320 x 200; R) with entries between 0 and 1 corresponding
to the grayscale. Each entry in the matrix takes up 1 byte (8 bits; a
number between 0 and 255) of storage space, so the total amount of
storage space needed for the image is 320 - 200 = 64000 bytes.

We perform a singular value decomposition on A, obtaining A= UX V*.
Replacing X with the truncated SVD X, we obtain

A =UXV*

as the best rank-r approximation of A.


http://www.wou.edu/~beavers/Talks/TalksPage.html
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The Singular Value Decomposition

Image Compression

To store A,, we need 320 - r bytes to store the r vectors oivy, ... o,v, and
200 - r bytes to store the vectors vy, ..., u,. For r = 20 this is

520 - 20 = 10400 bytes, less than 1/6 the original storage space.

We demonstrate the compression using Mathematica. The image below is
a 320 x 200, 256 grayscale bitmap image:

clown = Import["clownpicl.tif"]
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Image Compression

We verify the size of the image, the number of channels (byte/pixel) and
obtain the singular value decomposition; we use lower case letters (u, o, v)
for (U, X, V). Here o0 € Mat(320 x 200; R).

ImageDimensions [clown]

{320, 200}

ImageChannels [clown]

1

data := ImageData[clown]

{u, o, v} = SingularValueDecomposition[data]
Length[o]

200

Length [Transpose[o] ]
320
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Image Compression

The original image is regained from the singular value decomposition:

Image[u.c.Transpose([v]]




OINT INSTITUTE

The Singular Value Decomposition Slide 418 m ) | R AR TR BRET

Image Compression

s[i , j ]:=If[i==7 && 1i<20, o[[Li]][[7]], 0];
S := Array[s, {200, 320}];
Image [u.S.Transpose[v]]




OINT INSTITUTE
RARERBREE

The Singular Value Decomposition Slide 419

Image Compression

On the previous slide, we have first constructed the matrix X,, r = 20
(here denoted by S) and then displayed the compressed image. The image
quality is of course worse than that of the original, but given a compression
by more than 80% it is quite satisfactory.

The next slide shows the image for r = 60, which corresponds to 31200
bytes (compression by 50%). The image quality is quite good.
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Image Compression

s[i_, J ]:=If[i=7 &&1<60, c[[L1]][[7]], O];
S := Array[s, {200, 320}];
Image[u.S.Transpose[v]]
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