
Vv186 Honors Mathematics II
Functions of a Single Variable

Assignment 1
Date Due: 10:00 AM, Thursday, the 8th of October 2015

Mathematics is learned by doing it, not by watching other people do it.
Michael Reed and Barry Simon, Methods of Modern Mathematical Physics

I hear and I forget; I see and I remember; I do and I understand.
Attributed to Confucius1

A word of introduction
This is the first assignment for your first Calculus course at university. You will find the style of the exercises and
the requirements of the solutions quite different from what you are used to from school. Some of the exercises
on this set (and all further assignments) will be easy, some will be quite difficult. As with many problems in
real life, you are not told in advance which are simple and which are more involved, but are supposed to find
out for yourself. You will find it easier to obtain full marks for the exercises if you follow a few simple principles:
i) You are required to hand in the exercises on time. No exercises will be accepted after the due date.
ii) You are required to compose your solutions in neat and legible handwriting. 10% of the total score will be

awarded solely for the apearance and legibility of your writing and your use of the English language (see
next point).

iii) In order to obtain the highest possible score, make sure that you explain your reasoning. Often, simple
formulae are not enough to answer a question. Explain what you are doing! This will also ensure that
you get a large fraction of the total points even if you make a mistake in your calculations. In short, write
simple, whole grammatical sentences that include a subject, verb and object.

iv) You are forbidden to use the symbols ∴∴∴ and ∵∵∵ in your writing. Write English sentences instead. You
will lose all points for an exercise that includes these two symbols, no matter whether the solution is
correct or not! On this subject, I would like to quote the great mathematician Serge Lang:

It seems to me essential that students be required to write their mathematics papers in full
and coherent sentences. A large portion of their difficulties with mathematics stems from their
slapping down mathematical symbols and formulas isolated from a meaningful sentence and
appropriate quantifiers. Papers should also be required to be neat and legible. They should not
look as if a stoned fly had just crawled out of an inkwell. Insisting on reasonable standards of
expression will result in drastic improvements of mathematical performance.

Serge Lang, A First Course in Calculus
v) You are encouraged to cooperate with other students. Feel free to discuss problems and develop solutions

in groups. But you are not allowed to simply copy other students’ work! The golden rule is: Feel free to
discuss problems orally, but do not look at the written work of another student. The Teaching Assistants
will report any suspected instances of this to me as a potential violation of JI’s Honor Code.

vi) If you have any problems, questions or comments regarding the exercises, the lecture or mathematics,
please visit me during my office hours. This time has been set aside specifically for you, and you should
make as much use fo it as you can. If you wish for comments to reach me anonymously, please talk to the
Teaching Assistants.

With these words, I now let you commence your first exercises. Good luck!
Horst Hohberger

1This quote probably stems from Xun Kuang (荀況): “不闻不若闻之，闻之不若见之，见之不若知之，知之不若⾏之。学⾄于⾏之⽽⽌矣。” in
荀⼦·儒效 See http://ctext.org/xunzi/ru-xiao/zh.

http://ctext.org/xunzi/ru-xiao/zh


Exercise 1. Make a two-column table: in the left column, write out the letters of the Greek alphabet (lowercase
and uppercase) in the correct order and in the right column write out the English names for the letters. It
should start like this:

Greek letter English name
α, A alpha
β, B beta
γ, Γ gamma
...

...

You are allowed to use whatever sources you wish (e.g., Wikipedia) but you should cite them properly.
(2 Marks)

Exercise 2.

i) Let a, b be statements. Write out the truth tables to prove de Morgan’s rules:

¬(a ∧ b) ⇔ ¬a ∨ ¬b, ¬(a ∨ b) ⇔ ¬a ∧ ¬b.

ii) Let M be a set and A,B ⊂ M . Prove the following equalities:

(A ∩B)c = Ac ∪Bc, (A ∪B)c = Ac ∩Bc.

(2 + 2 Marks)

Exercise 3.

i) Let n ∈ N \ {0}. Show by induction that
n∑

j=1

j3 =
( n∑
j=1

j
)2

ii) Let n ∈ N and x > −1. Attempt to use induction to show directly that (1 + x)n > nx. Note that you
will fail; the proof won’t work. Instead, prove the stronger statement known as Bernoulli’s inequality,
(1 + x)n ≥ 1 + nx using induction. This example shows that induction proofs can be tricky and that
sometimes it is easier to prove a “stronger” statement than a “weaker” statement.

(2 + 2 Marks)

Exercise 4. Explain in your own words the difference between the statements

∃
0∈Q

∀
a∈Q

a+ 0 = 0 + a = a and ∀
a∈Q

∃
0∈Q

a+ 0 = 0 + a = a.

(2 Marks)

Exercise 5.

i) Let Q denote the rational numbers. Show that the neutral element of addition is unique, i.e., if there are
two numbers 0, 0′ ∈ Q such that a = a+ 0 = 0 + a and a = a+ 0′ = 0′ + a for all a ∈ Q, then 0 = 0′.

ii) Show that the inverse element is unique, i.e., if for some a ∈ Q there exist (−a), (−a)′ ∈ Q such that

a+ (−a) = (−a) + a = 0 and a+ (−a)′ = (−a)′ + a = 0

then (−a) = (−a)′.

(2 + 2 Marks)

Exercise 6. Prove2 that
√
7 is irrational.

(3 Marks)

2See Spivak, Ch. 2, Ex. 13



Exercise 7.

i) Prove3 that if m,n ∈ N∗ and m2/n2 < 2, then (m+ 2n)2/(m+ n)2 > 2; show, moreover, that

(m+ 2n)2

(m+ n)2
− 2 < 2− m2

n2
.

ii) Prove the same results with all the inequality signs reversed.

iii) Prove that if (m/n)2 < 2, then there is another rational number m′/n′ with (m/n)2 < (m′/n′)2 < 2.
(This means that maxU1,

U1 = {a ∈ Q : a2 < 2},

does not exist in Q.)

iv) Show that minU2, where U2 = {a ∈ Q : a > 0 ∧ a2 > 2}, does not exist in Q.

v) Show that infU2 and supU1 do not exist in Q.

(2 + 2 + 2 + 2 + 2 Marks)

Exercise 8. Give (without proof) the maximum, minimum, supremum and infimum (if they exist) of the
following sets.

i)
{
1 + 2−n : n ∈ N \ {0}

}
, ii)

{
(−1)n +

1

n2
: n ∈ N \ {0}

}
(2 + 2 Marks)

Exercise 9. Let a, b, c, d ∈ R. Show that

i) a
b < c

d and b > 0, d > 0 implies a
b < a+c

b+d < c
d ;

ii) a > 0 and b > 0 implies
√
ab ≤ a+b

2 ;

iii) a > 0 and b > 0 implies a
b + b

a ≥ 2.

(1 + 1 + 1 Marks)

Exercise 10. For each of the following inequalities, find the sets of all x ∈ R satisfying the inequality.

i) |x+ 2| ≤ |x− 1| ii)
∣∣2− |x+ 1|

∣∣ ≤ 1

(2 + 2 Marks)

3See Spivak, Ch. 2, Ex. 16.


	

