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Population dynamics modelled by a

Ricatti equation
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Displacement of a system of three

coupled harmonic oscillators
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Solution of an impulsive equation

Solutions of a Clairaut equation
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Fourier Series of a periodic pulse

Intended Audience: ME and ECE undergraduate students.

Description: This course consists of four distinct parts. In the first
part, we will discuss some basic integrable single first order ordinary
differential equations. In particular, we will look at several types of
explicit and implicit equations, including homogeneous, separable,
linear, Bernoulli, Ricatti, Clairaut and d’Alembert equations. We
will also look at some concrete modeling examples, such as C-14
dating (using the differential equation for unrestricted growth or
decay to zero) and population models (using various flavors of the
logistic equation).

In the second part, we will discuss systems of first order equations.
After proving a general existence and uniqueness theorem (which
also has practical applications) we will introduce some background
in linear algebra, in particular eigenvalue problems and matrix sim-
ilarity. Using these techniques, we will be able to solve constant-
coefficient linear systems exactly. Next, we will give a brief intro-
duction to general systems of equations, which touches upon the
theory of dynamical systems.

The third part is devoted to integral transform techniques for solving
second-order differential equations. We first learn about residual
calculus in elementary complex analysis. Since this is also useful
elsewhere, and the general concepts of complex analysis will pop
up again in more advanced courses, we will devote several lectures
to an introduction to complex analysis. Following this, we are able
to introduce the Heaviside operator calculus for solving differential
equations and from that deduce the Laplace transform technique.
We round of this part with a discussion of the analytical Fourier
transform and identify the laplace transform as a special case of
trhe complex Fourier transform.

In the last part of the course we discuss series-based solutions. the
power-series-based Frobenius method leads us to the Bessel func-
tions, which turn out to have a wide range of applications in physics
and engineering. We discuss the problem of a hanging chain, self-
buckling of a column, diffraction by a circular aperture and more.
Series solutions based on trigonometric functions lead to Fourier
series, which we view in the general context of orthogonal func-
tions. We also apply this theory to orthogonal Bessel functions and
Legendre polynomials and use these to treat some classical partial
differential equations by separation of variables.


http://umji.sjtu.edu.cn/personal/horst/teaching/vv186.html

Keywords: Ordinary differential equations (ODEs) of first order; Systems of first-order equations;
the existence and uniqueness theorem of Picard-Lindeloef; eigenvalue problems, diagonalization and
the spectral theorem; Jordan normal form; application to linear systems of first-order equations; lin-
ear second-order equations; elements of complex analysis and residue theory; the Laplace transform
and its inverse with applications to ODEs; power series solutions of ODEs by the Frobenius method;
Bessel functions and their applications; Generalized Fourier series; introduction to the classical partial
differential equations of physics and some basic solutions by separation of variables.

Syllabus:
Lecture Lecture Subject
1 Introduction and Explicit First-Order ODEs
2 Separable Equations
3 Linear and Transformable Equations
4 Integral Curves and Implicit Equations
5 Systems of First-Order ODEs
6 The Eigenvalue Problem
7 The Spectral Theorem for Self-Adjoint Matrices
8 The Jordan Normal Form
9 Linear Systems of First-Order ODEs
10 Vibrations
11 First Midterm Exam
12 Complex Analysis
13 Properties of Holomorphic Functions
14 Singularities and Poles
15 Residue Calculus
16 The Heaviside Operator Method
17 The Laplace Transform
18 The Laplace Transform
19 The Fourier Transform
20 Second Midterm Exam
21 Power Series Solutions to Second Order ODEs
22 Power Series Solutions to Second Order ODEs
23 Applications of Bessel Functions
24 Applications of Bessel Functions
25 Orthonormal Functions
26 Fourier Series
27 Boundary Value Problems
28 The Wave and Heat Equations
29 The Wave and Heat Equations
30 Final Exam
Textbooks:

[B] M. Braun, Differential Equations and their Applications
[W] W. Walter, Ordinary Differential Equations

[J] K. Jénich, Linear Algebra

[S] E. M. Stein and R. Shakarchi, Complex Analysis

[E] G. Evans, J. Blackledge and P. Yardley, Analytic Methods for Partial Differential Equations

K| B. Korenev, Bessel Functions and their Applications



Course Grade Components:
e First midterm exam: 30%
e Second midterm exam: 30%
e Final exam: 40%

Honor Code Policy:

Use of External Sources
When faced with a particularly difficult hoemwork problem, you may want to refer to other textbooks
or online sources such as Wikipedia. Here are a few guidelines:

e Outside sources may treat a similar sounding subject matter at a much more advanced or a much
simpler level than this course. This means that explanations you find are much more complicated
or far too simple to help you. For example, when looking up the “induction axiom” you may find
many high-school level explanations that are not sufficient for our problems; on the other hand,
wikipedia contains a lot of information relating to formal logic that is far beyond what we are
discussing here.

e If you do use any outside sources to help you solve a homework problem, you are not allowed to
just copy the solution; this is considered a violation of the Honor Code.

e The correct way of using outside sources is to understand the contents of your source and then
to write in your own words and without referring back to the source the solution of the problem.
Your solution should differ in style significantly from the published solution. If you are not sure
whether you are incorporating too much material from your source in your solutions, then you
must cite the source that you used.

Coursework and Assignment Groups

There will be weekly coursework (assignments) throughout the term, except in the first week. Students
will be randomly assigned into assignment groups of three students and are expected to collaborate
within each group and hand in a single, common solution paper to each coursework.

Each group must achieve 60% of the total coursework points by the end of the term in order to obtain
a passing grade for the course. However, the assignment points have no effect on the course grade.

Each member of an assignment group will receive the same number of points for each submission. How-
ever, there will be an opportunity for team members to anonymously evaluate each others’ contributions
to the assignments. In cases where one or more group members consistently do not contribute a com-
mensurate share of the work, a TA or the instructor will investigate the situation and individual group
members may lose some or all of their marks.

Assignments must be handed in on time, by the date given on each set of course work. At the sole
discretion of the TAs, late homework may be accepted on the same day after the due time. Afetr that,
all late homework must be submitted to the instructor personally with an explanation for the lateness.
Late assignments will be accepted at the discretion of the instructor.

Up to 10% of the awarded marks for an assignment may be deducted for messiness or sloppy handwriting.
Assignments typeset in KTEXwill receive a 10% bonus on the awarded marks.

Students within an assignemnt group are obliged to collaborate with each other. Each assignment
is handed in in the name of all group members, and all group members are jointly responsible for the
submitted work. Sanctions for Honor Code violations will in general apply to all group members equally.



