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Imaging through nonlinear media using digital
holography
Christopher Barsi1, Wenjie Wan1 and Jason W. Fleischer1,2 *
It is well known that one cannot image directly through a nonlinear medium, as intensity-dependent phase changes distort
signals as they propagate. Indirect methods can be used1–6,
but none has allowed for the measurement of internal wave
mixing and dynamics. Recently, the reconstruction of nonlinear
pulse propagation in ﬁbres was demonstrated by generalizing
the techniques of digital holography7,8 to the nonlinear
domain9. The method involves two steps: (1) recording the
total ﬁeld (both amplitude and phase) exiting a nonlinear
medium and (2) numerically back-propagating the wavefunction. Here, we extend this process to two-dimensional spatial
beams and experimentally demonstrate it in a self-defocusing
photorefractive crystal, giving examples in soliton formation,
dispersive radiation and imaging. For known nonlinearity, the
technique enables reconstruction of wave dynamics within the
medium and suggests new methods of super-resolved
imaging, including subwavelength microscopy and lithography.
For unknown nonlinearity, the method facilitates modelling and
characterization of the optical response.
Image transmission through nonlinear materials has been
studied for over thirty years1. Early methods sought to transmit
images through turbulent/nonlinear media by means of phase conjugation and four-wave mixing2–5. However, backward geometries
require a round trip in the nonlinear material2,3, and forward geometries compete with other nonlinear processes, such as self-focusing, and often require extra processing to remove distortions4,5.
More recently, incoherent solitons have been used as multimode
waveguides6, but their image quality is limited by intermodal dispersion1. Furthermore, all of these techniques obey imaging conditions that ignore (or compensate for) beam propagation within
the volume of the medium. These restrictions are unfortunate, as
observations of this evolution are vital to understanding the dynamical effects of nonlinearity, such as mode coupling, new frequency
generation and modiﬁcations to the signal phase. In terms of
imaging, this means that all internal wave mixing must be inferred
from only the initial and ﬁnal proﬁles, where linear optics can be
used. Typically, theories of nonlinear beam propagation are tested
experimentally in just this fashion: varying known input parameters
and comparing measured outputs. With an accurate model of the
underlying beam dynamics, however, this process can be reversed,
using the measured output and numerically back-propagating the
wave dynamics to recover the (unknown) input9. In addition, one
can image the nonlinear evolution to an arbitrary axial position
inside the material and thus reconstruct the ﬁeld at any
intermediate point.
As in linear digital reconstruction8, the method requires knowledge of the full complex ﬁeld exiting the sample. The amplitude can
be recorded directly in a camera, but the phase requires an interference (holographic) measurement. In the experiments discussed
below, the phase was captured with a standard phase-shifting
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Figure 1 | Experimental set-up. Laser light (532 nm), polarized along the
crystalline c-axis, is split into two beams. a, The object (upper) beam passes
through the ‘optical system’ to generate the input waveform, which is
projected onto the crystal. The reference (lower) beam is incremented in
phase steps of Dw ¼ p/2; both beams are imaged onto the CCD camera
(object planes indicated by dotted lines). b–d, Different optical systems are
used, including a plano-convex lens creating a Gaussian beam (b), a spatial
light modulator (SLM) producing a p-stripe (black, 0 rad; grey, p rad) (c),
and a USAF 1951 resolution chart (d).

algorithm10. For a known propagator, this complex ﬁeld can then be
integrated numerically forwards or backwards. In the linear regime,
for example, the ﬁeld may be reconstructed simply by implementing
the Fresnel transformation integral. For nonlinear propagation, this
kernel is modiﬁed by an intensity-induced change to the phase.
For concreteness, we consider the simplest case of a scalar ﬁeld
undergoing paraxial dynamics. In this approximation, the propagation can be described by the nonlinear Schrödinger equation:
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where c(x,y,z) is the slowly varying envelope of the ﬁeld,
k ¼ 2pn0/l, l is the free-space wavelength, n0 is the medium’s
base index, Dn(jcj2) is the nonlinear index change, and D and N
are the linear and nonlinear operators, respectively. A typical
choice for Dn(jcj2) is the cubic Kerr nonlinearity, with
Dn ¼ gjcj2 where g is the non-linear coefﬁcient. For any nonlinearity, however, issues of invertibility, integrability, vector
decoupling and so on, must be considered. Noise and nonlinear
instabilities must be examined as well.
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Figure 2 | Nonlinear digital reconstruction of a self-defocused Gaussian beam. Left panels: intensity measurements. Right panels: phase measurements,
modulo 2p. For both phase and intensity panels: top row, linear measurements; second row, nonlinear measurements; bottom row, numerical reconstructions.
From left to right, each column represents 0, 5 and 10 mm distances. Scale bars, 50 mm.
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Figure 3 | Nonlinear reconstruction of evolution of a dark stripe. a–h, Intensity and phase measurements: experimental input (a,e), linear output (b,f),
nonlinear output (c,g), numerically reconstructed input (d,h). Top row: intensity proﬁle. Bottom row: phase proﬁle, modulo 2p. Scale bar, 50 mm. The dotted
oval in g indicates appearance of p/2 discontinuity that is successfully eliminated upon reconstruction (h). i, Reconstruction cross-sections using a
backwards propagation algorithm of the internal dynamics of the dark stripe. j, Simulation of evolution with 5% intensity noise. Scale bar, 50 mm.

The beam evolution can be calculated numerically using the
Fourier split-step method, in which the linear and nonlinear operators act individually for each increment of propagation distance dz:

cðz þ dzÞ  edzD edzNðcÞ cðzÞ

ð2Þ

Inverting the equation, that is, applying exp(2dz . N)exp(2dz . D)
to both sides, one can calculate the ﬁeld at some location zi given
the ﬁeld farther along the sample at location zf . zi:

cðzi Þ  edzNðcÞ edzD c ðzf ¼ zi þ dzÞ

ð3Þ

This back-propagation is essentially an initial-value problem, in
which the output is the starting point, and thus will work in situations where inverse scattering may fail, such as media with nonintegrable nonlinearities. The method was ﬁrst demonstrated for
one-dimensional pulses in ﬁbre9 and has undergone much progress
in the temporal domain11,12. Here, we extend the technique to
212

two-dimensional spatial beams containing image information,
emphasizing that the higher dimensionality adds considerable complexity to the inversion, for example, by introducing degenerate solutions or an anisotropic response.
Experiments were performed using a 2  5  10 mm3 photorefractive strontium barium niobate (SBN:75) crystal with a self-defocusing nonlinearity, produced by applying an electric ﬁeld of
2750 V cm–1 along the crystalline axis. As illustrated in Fig. 1,
different extraordinarily polarized waveforms were projected onto
the input face of the crystal, and the complex ﬁeld at both the
input and output faces was measured. The output ﬁeld was then
numerically back-propagated using equation (3) and compared
with the measured input ﬁeld. Technically, the photorefractive
screening nonlinearity of this crystal is saturable, with a response
Dn / rijĪ/(1 þ Ī), where Ī is the intensity I ¼ jcj2, normalized to a
background (dark current) intensity, and rij is the appropriate
electro-optic coefﬁcient13,14. However, recent experiments have
shown that for the defocusing parameters considered here,
the simpler Kerr nonlinearity Dn ¼ –jgjI proves sufﬁcient for
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Figure 4 | Nonlinear digital reconstruction of a self-defocused USAF 1951 resolution chart. a–h, Intensity and phase measurements: experimental input
(a,e), linear output (b,f), nonlinear output (c,g), numerically reconstructed input (d,h). Top row: intensity proﬁle. Bottom row: phase proﬁle, modulo 2p.
Scale bar, 200 mm. Note that the ambiguity that leads to the random phase distribution in the dark regions is caused by the undeﬁned phase there.

modelling15. Similarly, loss has been ignored, although the inclusion
of linear operators such as absorption should not affect the reconstruction process9. On the other hand, the uniaxial nature of the
crystal did introduce a slight anisotropy in the nonlinear response;
our correction for this is discussed in the Methods section.
To calibrate the algorithm, we ﬁrst focused a Gaussian beam of
10 mW onto the input face of the crystal (Fig. 2a,h). Linear diffraction is shown in Fig. 2b,c,i,j, and nonlinear evolution in Fig. 2d,e,k,l.
The dramatically different output in the nonlinear case, particularly
after 10 mm of propagation (roughly three diffraction lengths), is
shown in Fig. 2e. In particular, the nonlinear beam has a depleted
central region and high-frequency fringes at the edges, a proﬁle that
cannot occur in the linear case (in which a Gaussian beam stays
Gaussian). These features result from wavebreaking of the central
portion of the beam into its own tails and are similar to the optical
shocks demonstrated in other works15,16. This output ﬁeld was backpropagated numerically to reconstruct the measured input, adjusting
the nonlinear coefﬁcient g until the sum-of-squares error between
the two proﬁles was minimized. As shown in Fig. 2f,m there is very
good agreement in both phase and intensity with the experimental
input. As a check, the experiment was then repeated with the
shorter (5 mm) side of the crystal. As shown in Fig. 2d,k and 2g,n,
the measured output after 5 mm of propagation matches the reconstruction resulting from back-propagating the 10 mm output
halfway. The agreement is particularly pronounced in the asymmetry
of the central portion of the beam, which is slightly left of centre. The
nonlinear coefﬁcient that was used to generate this reconstruction was
then ﬁxed and used for all subsequent experiments.
Although the expanding Gaussian beam experiences signiﬁcant
changes in both intensity and phase, other nonlinear structures,
such as solitons, maintain constant-intensity proﬁles and acquire
only an overall phase change upon propagation. Normally, experimental observations of these structures follow from launching a
beam close to the initial soliton proﬁle; conﬁrmation is then
reported by comparing the original input to the nonlinear output
after several diffraction lengths. This observation method,
however, says little about evolution towards a steady-state proﬁle,
especially for initial conditions far from the soliton existence
curve. Cut-back methods provide volumetric information but
require crystal damage or special geometry17. Other methods,
such as near-ﬁeld probes18 and scattered-light measurements17,
are similarly direct but work well only for one-dimensional solitons
and cross-sections. In contrast, the technique here allows

reconstruction, and thus effective imaging, of the beam dynamics
all along its propagation, without relying on coupling mechanisms
or material modiﬁcation.
Figure 3 shows such evolution for a dark stripe (generated by a
p-shift phase discontinuity) that is initially too narrow, for its intensity, to be a dark soliton. In the linear case (Fig. 3b), the stripe
expands to roughly three times its original size. In the nonlinear
case (Fig. 3c), the output stripe width has narrowed by 30%.
Numerical calculations show that this width coincides with the
dark soliton width for the experimental parameters, but standard
experimental techniques can say nothing more about the beam
dynamics. In other words, without showing invariant propagation,
the existence of a soliton could not be proved. Here, we use nonlinear digital holography to reconstruct the entire dynamics along
the propagation path. As before, the ﬁrst step is to reconstruct the
input (Fig. 3d,h). Note that a phase defect at the output (Fig. 3g)
has been eliminated successfully in the reconstruction. In Fig. 3i,
we show several cross-sections of the reconstruction at intermediate
distances within the crystal. As the beam propagates, the stripe
widens to a dark soliton proﬁle, radiating energy as it adjusts. The
evolution is complex: the initial noise smoothens, owing to the defocusing nonlinearity, the beam proﬁle becomes more symmetric, diffraction of the central dark stripe is arrested, and the radiated waves
self-steepen and form dispersive shock waves15,16. Similar proﬁles
have been observed in ﬁbre solitons19 but have not been demonstrated in the spatial case. Here, we reconstruct the entire dynamics,
showing that the central proﬁle settles into its dark soliton form at
about 5 mm, whereas the tails need a longer propagation distance to
relax. This semi-empirical reconstruction compares favourably with
the ideal simulated case, shown in Fig. 3j.
A more complex example is provided by the nonlinear evolution
of an Air Force 1951 resolution chart (Fig. 4). In the linear case, the
input (Fig. 4a,e) has diffracted considerably (Fig. 4b,f ), but the characters are still recognizable. After nonlinear propagation (Fig. 4c,g),
however, the original intensity proﬁle has been obliterated almost
completely, especially for the numerical symbols, and the phase
proﬁle is severely blurred. Nevertheless, there is very good agreement between experimental and reconstructed phase and intensity.
There is thus much potential in this technique for physical encryption. As with the dark soliton (Fig. 3f ), the reconstruction of the
phase is particularly well deﬁned. This is both surprising and fortunate, because the phase is a much more sensitive quantity and typically carries more information20. Indeed, from Fig. 4h, it is possible
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In conclusion, we have successfully carried out the digital reconstruction of optical spatial beams propagating in a nonlinear
medium. This should prove useful both for basic studies of coupled
wave dynamics and for new methods of image/signal processing.

Methods
Sample

Sample

Figure 5 | Schematic for nonlinear holographic microscopy. a, Standard
linear microscopy cannot capture rays 2 or 3. Index-matching between the
sample slide and lens, through oil immersion, for example, allows detection
of ray 20 , but ray 30 still escapes. b, With immersion in a nonlinear medium,
rays 30 and 20 can couple, generating a new (sum) wave, 3NL, which can be
detected. (The difference wave and similar coupling to ray 10 are not shown.)
Through nonlinear digital holography, the original wave 30 can be
reconstructed from the measured ray 3NL, giving a higher effective
numerical aperture.

to resolve the 10 mm bars of the chart, a resolution limited mainly
by the non-ideal properties (defects and striations) of the crystal.
The sharpness of the reconstruction highlights an irony inherent
in self-defocusing media: nonlinear mode-coupling of high spatial
frequencies can lead to focusing effects21–23. (Although focusing
nonlinearities can also couple these modes, noise-induced instabilities can dominate the signal and may limit the ability to invert
equation (2).) The end results are larger effective numerical apertures and ﬁner spatial resolution24, so that the technique naturally
leads to nonlinear extensions of digital microscopy. A simple raytracing schematic of this application, in transmission geometry, is
shown in Fig. 5. Rays not captured by linear techniques (Fig. 5a)
are still not captured in the nonlinear method (Fig. 5c), but
information about them can be obtained through their daughter
waves. Here, the super-resolution effect results from knowledge of
the nonlinear propagation kernel. This allows reconstruction of
the dynamics, deconvolution of the wave mixing, and therefore
recovery of the underlying (missing) spatial features.
Theoretically, this method can be extended to near-ﬁeld, subwavelength reconstructions as well. In this case, nonlinear wave mixing
would couple evanescent waves with propagating ones (although a
more accurate model than equation (1) would be necessary). This
method has potential to work follows from recent observations of
the Goos–Hänchen effect25, in which a totally internally reﬂected
beam is spatially translated from the incident beam. This translation, owing to phase shifts of evanescent waves at the interface26,
is normally on the order of a wavelength but can be enhanced signiﬁcantly by nonlinearity27–29. Combined with the reconstruction
algorithm, this coupling of near-ﬁeld behaviour with far-ﬁeld
propagation could be extended to imaging. Moreover, unlike traditional point-by-point scanning techniques30, the nonlinear
digital holography presented here is an inherently wide-angle, farﬁeld form of microscopy. From the opposite perspective, such nonlinear wave mixing could allow subwavelength lithography with
super-wavelength-scale initial patterns.
The limits on resolution depend on the underlying nature of the
nonlinearity, the quality of the medium and the effects of noise. For
example, the photorefractive crystal used above is a poor choice for
high-resolution experiments, because the charge transport of its
material response is inherently nonlocal. The most serious obstacle
is noise, both as a detriment to the signal and as an irreversible
source of instability. For example, nonlinear coupling can lead to
modulation instabilities, even in defocusing media21. On the other
hand, we note that nonlinearity leads naturally to optical squeezing,
and with the hope that quantum optics can improve upon the classical ideas presented here. The ultimate resolution limits of the
technique, therefore, remain to be determined.
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To create the input, a wide, collimated beam from a 532 nm Coherent Verdi laser
was split into two parts, as shown in Fig. 1. The lower, unmodiﬁed beam acted as a
plane-wave reference, which was reﬂected from a mirror with a longitudinal position
controlled by a piezo-electric actuator. The upper beam was passed through a
different optical system for each of the above experiments to create different object
signals. The input/output object beam was combined with the reference beam using
a beamsplitter, and the total ﬁeld was then imaged onto a charge-coupled-device
(CCD) camera (520  492 array with a pixel size of 9.9 mm). The image was
magniﬁed approximately four times with a lens to better resolve the features of the
ﬁeld. To shift the reference beam, the piezo-actuated mirror was stepped in
increments of l/4 + 5 nm. Note that although the imaging lens itself gives rise to a
quadratic phase factor, because both reference and object beams are imaged
together, no extraneous fringes in the interference pattern are produced.
Details of the object beam generation for each experiment are as follows. For the
Gaussian-shock example in Fig. 2, the beam was simply focused onto the input face
of the crystal using a 20 cm plano-convex lens. The narrow dark stripe in Fig. 3 was
created by imprinting a phase discontinuity onto the object beam with a phase-only
spatial light modulator. It was imaged and demagniﬁed eight times with a 4f system.
Finally, the resolution chart in Fig. 4 was imaged with a 4f system as well, with
unity magniﬁcation.
For the digital reconstruction, the frames recorded by the camera were cropped
horizontally, and padded with zeros vertically to create 512  512 pixel frames. In
this way, the beam propagation code could best make use of the fast Fourier
transform (FFT) algorithm in the linear step. The numerical pixel size was matched
with the effective (demagniﬁed) camera pixel size, 2.5 mm, and the propagation step
size was 65 mm. A decrease in the step size to 20 mm showed no appreciable change
in the reconstruction, conﬁrming that numerical convergence had been achieved.
Note that, in order to yield the circularly symmetric beam of Fig. 2f, a small
anisotropic correction of 7% was included for the index of refraction in the
x-direction for the linear propagator, that is, in the Fourier domain

i
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lDz k2x ky
þ
4p n0 n0

!
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!e

k2y
lDz
k2x
þ
4p n0 ð1 þ dÞ n0

!
ð4Þ

where d ¼ 0.07 and kx and ky are the wavevectors for the x- and y-axis. d was held
constant, although functional dependence on the intensity did not change the result.
This numerical solution affected the Gaussian beam at its focus only. Furthermore, it
did not affect the other reconstructions. Therefore, we suspect that this modiﬁcation
becomes necessary for high-intensity, focused beams. Other, more complex, models
of the photorefractive nonlinearity that include charge transport and saturation
effects were not as successful at recovering the input.
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